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M. B. Boiiuypa, KaHJ. TEXH. HayK,
A. 51. Bom6a, 1-p TexH. HayK, mpodecop,
O. P. MiuyTa, KaHJ. TEXH. HayK

HauioHanbHuii YHIBEpCUTET BOJJHOTO TOCIIOIAPCTBA
Ta IPUPOJOKOPUCTYBaHH:, M. PiBHe

MPO OAWH NIAXIA A0 3rNAIKEHHSA HErMAOKOCTEN
PO3B’A3KIB KPAMOBUX 3A0AY YNCITOBUMU METOOAMMU
KBA3IKOH®OPMHUX BIQOBPAXEHb

C¢opMyIp0BaHO 3aady MOJCTIOBAHHS PyXy YaCTHHOK (3apsi-
IiB, PIAMHU TOIIO) B OXHO3B’S3HIM YOTHPHUKYTHIH KPHBOJIHIHHINA
001acTi, 0OMeKeHIH TTaJKMMH IBOMA JIHISIMU TeUil Ta JBOMA €K-
BIOTEHUIATbHUMHU JiHiAMH. [Ipy 1boMy, SKIIO OCTaHHI «CTHKY-
IOTBCS» HE MiJ MPSIMHUM KYTOM 1 BiIIIOBiTHE CepeOBHIIIE € 130TPO-
ITHAM, TO, 3TiTHO METOXy KBa3iKOH(QOPMHHUX BiTOOpakeHb, MaTH-
MyTb MiCLle CHHTYJISIPHOCTI B OKOJIaX PiBHO YOTHPHOX TOYOK I'pa-
HULI. 3 METOI0 YHHKHEHHS JaHUX OCOONMBOCTEH, 3aIPOIIOHOBAHO
iJXi 10 armpoKCcUMalii Mexi TocnimKyBaHoi oonacti (KyoiuHrMH
OicruiaiiHaMu) i3 3aCTOCYBaHHSIM CHELIAILHO PO3pOOIIEHOT Tpolle-
nypu «hikTuBHOI opToroHamizarii». CHopMyIbOBaHO BiIHOBIIHY
npsMy Ta oOepHEeHy 3a1adi Ha KBa3iKOH(GOPMHI BimoOpakeHH:.
[Ipu 11bOMy, TIPOIOHYIOTBCS (IUIs1 TOPIBHSHHS) ABa criocobu ¢op-
MYBaHHSI OPTOTOHAJIBHOCTI Ha TJIAJKMX JUITHKAX rpaHumi (3a 1o-
MOMOTO0 JISSKUX «J[BO-» Ta «II’SITHTOYKOBOI» CXEM; HaBEJCHO Bi-
JINOBIIHI PI3HUIIEBI 33a7a4i Ta aNTOPUTMH iX pO3B’A3aHH:). 3ampo-
[MIOHOBAHO IIXiJ O OLIIHKA TOYHOCTI BUKOHAHHS BJIACTUBOCTEU
KBa3iKOH(OPMHOCTI, OKpEMO OOYMCIIIOIOYH yCepeTHEeHI HeB’ 3Ky
OPTOTOHAJBHOCTI Ta y3arajibHeHy HEB’SI3Ky BiIHOLICHHS JOBXHH
CYMDKHHUX BiZIpi3KiB B MasioMy. [IpoBeeHO 4HCIIOB] eKCIIEPUMEHTH
Ta 31ificHeHo X aHami3. 30KpeMa, po3noaiiy 000X BUIIB HEB 30K
i KUIBKICTh BY3IiB, B SIKHX MAlOTh MiClle OCOOJIMBOCTI TPH Pi3HUX
PO3OUTTSIX CITOK, IIPOLTIOCTPOBAaHO HA rpadikax. Sk i owikyBaaocs,
«(}IKTHBHA OPTOTOHAII3AIM MPH JTOCTATHBHO TYCTii» IHCKPETH-
3amii 3a0e3neuye MOMIIMBICTh BUPIMIEHHS NPOOIEMH CHHTYJISIPHO-
CTi Yy TOYKAX «CTUKY» TPAaHUYHHUX JIiHIll Tewii Ta eKBiNOTEHIiaNb-
HUX JIiHI}, CIIPUSE MMiIBUIICHHIO TOYHOCTI KBa3iKOHPOPMHUX Bij0-
OpakeHb Ta 30UTBIICHHIO «IIPO30POCTI» XOIY PO3B’SI3aHHS BIAIIO-
BigHO1 3amadi. Takoxk, K 1 OUIKyBaJOCh, «II'SITHTOYKOBA» CXEMa
«3abe3MeyeHHs] OPTOrOHAIBHOCTI» Ha TIAaAKHUX JiHIsSX TPAHHL, 110~
Kazayia O1IbITy e()eKTUBHICTD B MMOPIBHSIHHI 3 «JBOTOYKOBOOY.

V SKOCTI MEepCHEeKTUBH MOJANBIIOr0 3aCTOCYBaHHS po3poliie-
HOi ipoueaypu «(iKTUBHOT OPTOTOHAII3AII]» OMMUCAHO MEXaHI3M il
ajlanTailii Ha MPUKIai 3a/1a4 elNeKTpHYHOT ToMorpadii.

© M. B. Boituypa, A. f. bom6a, O. P. MiuyTa, 2021



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

KarouoBi ciioBa: mamemamuune mooentoéamnis, HENiHIUHL 3a-
odaui, K8A3IKOHGOPMHI 8I000OPANCEHHS, YUCTOBL MEMOOU.

Beryn. Sk npasuio [1-5], B o0CHOBY MareMaTHYHHX Mojened GiibT-
pamii pimuH, pyxXy 3apsdiB MokmanaroTh 3akoH Jlapci, Oma Tomio
V=xgrad e, oe V=V(X,y) — e BEKTOp MBHUAKOCTI (TYCTHHHU CTPyMY),
@ = ¢(X,y) — KBazinoreHmiain, a x = x(X, Yy, o, grad ¢,...) — KoedirieHT
¢inbTparii (eneKTpHYHOI MPOBIAHOCTI). 3aCTOCYBABIIM NPUITYIIEHHS, 110
divV =0 mpHXOAATH 10 33a4 eTINTHIHOTO TUITY. [IpH BOMY, TIPH TIPO-
BEJICHHI TOCITI/KEHb B OJIHO3B SI3HUX KPUBOMIHIWHUX obnacTsx (puc. 1, a)
i3 rpanumsaMu BuRy 0G, ={z=x+iy: x=X(z), y=9¥(r), r<[01],
X(0) =X(@) =%X,, ¥(0)=¥§@) =Y, ae X(r), y(r) — BU3HaYEHI Hemepe-
pBHO nudepeniiioani dynkuii, O(X,, §,) — 3aaHa Touka BijIliKy} Ta
NPU BIICYTHOCTI aHI30TpoIIii, KpailoBl YMOBHU 3a3BHYail 3a7al0ThCS y BH-
rsgi [1-3]: (/’|AB = Px €0|CD =9, @ |DAuBC =0. Tyr A, B, C,
D — BiamiueHi Touku Ha 0G,; DA, BC — minii reuii; AB, CD —
€KBIMOTeHIiaNi; N — BEKTOp HOpPMANi 10 Biamosiguoi kpuBoi. [Ipu Bka-
3aHUX MPUIYIICHHSX, SIK BiToMo [1], MOXXIMBUM € BBEIEHHS KBasirapmo-
HiuHOT QyHKUii Tewil y =w(X,y), KOMIUIEKCHO CHpsDKEHOI [0
@ = @(X,y). Toxni BuxizHa 3a/1a4a 3aUIIETHCS HACTYITHUM YHHOM:

dp 0 0 0
PRl Sl L

x o "oy (p.y) eG,; @

?lae =0 9lco=0; @)

l//lDA:Ov V/|BC:Q' ©))

e Q= IAB o-aa—:/: dl — neBimomuii mapameTp (TIoBHA (inbTpariiiHa BUTpaTa),
dl — enemenr ayru kpusoi AB, G, ={w=¢+iy: ¢, <p<¢",

0 <y < Q} — obacTh KOMIUIEKCHOTO KBasinoTeHwiany 11 G, (puc. 1, 6).

OueBnaHO, o B 001acTi, 300paxkeHiit Ha puc. 1, a, HEMOXJIHMBO 3a-
Oe3neunTn BuKOHAaHHS yMOB (1) (opToroHami3yrouy ix ckiamoBy [1]) piB-
HO y 4OTHpbOX Toukax: A, B, C, D. 3 inmoro 60Ky, 3 podotu [6] cii-
JIy€, M0 CHHTYJBSIPHOCTI, SIKi BUHHKAIOTh MPU PO3B’SI3aHHI BiJIOBIIHOT
3amadi (1)-(3) e nokamizoBaHMMH, 1 MO 1€ 3armo0irae CyTTEBOMY IIOIIU-
PEHHIO BIAMOBITHHUX MMOXMOOK Ha BinmaneHi Tepuropii. [Ipote, y Oaratpox
BHTA/IKaxX imeHTH]iKaIii, JaHi 0COOIMBOCTI MOXKYTh MaTH BiIUYyTHUH He-
TaTMBHUIN BIUIMB HA OTPUMYBaHi pe3yibraru. Hampukia, e cTocyeThes
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BUKODPHCTAHHS anpiopHoi iHdopmariii B MEBHUX OKOJIAaX TaKUX TOYOK. Y
ranysi eaekTpudHoi Tomorpadii, OKpiM HBOTO, JOCHIAHUKH 3IHCHIOIOTH
e i HU3KY ycepelHeHb, BUKOPHUCTOBYIOTh METOIU PETryJsipu3allii, Mes-
HHM YHHOM HaMararlThCs BPaxOBYBAaTH «IIyM» Y BXiJHHX JaHHUX, iTHO-
PYIOTB 0coOnmMBOCTI y Toukax Buay A, B, C, D Tomro [4]. Bigmosigsi
MOXMOKH B3a€MOJIOTIOBHIOIOTHCS, Yepe3 MI0, SK MPaBUIIO, OTPUMYBaHI
PO3B’SI3KH € JOCUTH HU3BKOI AKOCTI (PO3ILUIEHOT 3JaTHOCT1).

VY (@) (@) .
B C

g ¢

Puc. 1. @izuuna obracms (a) ma 8ionosiona 001acms KOMNIEKCHO20
Keaszinomenyiany (6); WIMpUXamu NO3HAYEHO AIHIL, WO CXEMAMUYHO
sionogioaroms @O 3006pasiceHHsIm

VY pobori [1] ms 3a0e3neuenHss BUKOHaHHS yMOB BHAY (1) B Toukax
A, B, C, D KOpHCTYIOTbCS MPUHOMaMK YMOBHOTO PO3pi3yBaHHs JOCITi-
JoKyBaHOi obsacti. I[IpoTe BOHH MiAXOAATH JIMINE /IS OKPEMHX BHIIAIKIB
3aJaHHs] KpPaWoOBHX YMOB, CTPYKTYp O0’€KTiB 1 cepemoBHIN (BiAMiHHHX
Bz (2), (3) Ta puc. 1, a). Tomy 3aranom npobiema 3aJIUIIAETHCS BIIKPUTORO.

MeTtoro po6oTH € peani3allis MeXaHi3My IiIBUIIEHHS TOYHOCTI KBa-
3iKOH(OPMHUX BiOOpaKEHb B TOYKAX «CTHKY» TPAaHUMYHUX JIHIA Teuil Ta
eKBIMTOTEHIiaIbHUX JIiHIHA (a, oTXe, i B 0bmacTi 3aranom [6]) i3 po3po0-
JICHHSIM crielialibHOT npornenypu «¢piktiuBHOi opToronanizauii» (PO). [lpu
HAOIMOKEHOMY PO3B’s3aHHI BIAMOBIMHUX 3a1a4 BaXIJIMBOIKO € IIe U OI[iHKa
BIUIMBY «T'YCTUHI» PO3OUTTS BIIIOBIAHUX TiIPOJAWHAMIYHUX CITOK 1 CHO-
co0y (opMyBaHHs OPTOTOHAIBLHOCTI B3JIOBXK TPAHUIl 00JaCTi Ha BEIUYH-
HU HEB 530K KBa3iKOH(OPMHOCTI.

Miaxig 1o BupimeHHs npodjieMd HEOPTOrOHAJIBLHOCTI Y TOYKAX
«CTHKY» FPaHUYHMX JiHiil Teuil Ta ekBimoTeHuianbHUX JdiHil. 3acTo-
cyBaHHs mojibHoro 10 [1] nmpuitomy yMOBHHMX pO3pi3iB B 00JacTi BUay
puc. 1, a npu ymoBax (2) Ta (3) € HEAOUIJILHUM, OCKUIBKM HAKIaIaTH-
MYTBhCS MEBHI OOMEKEHHS Ha MOXKIIUBI TPAEKTOPIl pyXy YaCTHHOK. 3a-
MICTh LILOTO MU IPOIIOHY€EMO 3acTocoByBaTH anroputm PO, sikuil onuca-
HO HWK4Ye. Bin nepenbauae BHECEHHs MEBHUX HEBEIMKUX 30ypeHb (GOpMHU

7
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BHXiZHOT 00/1aCTI TAKMM YHHOM, 100 rpaHUYHI JIiHIT Tedii Ta eKBIMOTEH-

LaJIbHI JIIHIT «CTUKYBAJIKMCH» IMiJ] IPIMUMH KyTaMH.
@O 37ilicHIOBATUMEMO CTOCOBHO 00J1acTeH, rpaHMIll SKMX BH3Haua-

10Tbcd  QyHKIIAMH X =X(r) Ta y=Yy(r) NOpH HapaMeTpax 7 =7,
T=1g, T=7g, T=7p 3a0aHHA TouoK A,B,C,D e 0G,. Ha Bigpizkax

[(%(tr +A53), 9 ({rp +A51). (R(@+ 70 A%, 5 (14 74 - AY) ]
[(R(ra+A5Y), 5 (tza + A5Y)). (R({1+ 75 - A5Y), {1+ 75 - a5Y)) ],
[(%(4es + 253). 9 (¢ro +a53). (x(@2+ e ~A%3). 9@+ 2 ~2%3))]
[(%(gre + A5 5 (fre +A5Y). (R(fL+ 75 - ARY), ({2 + 75~ AFY)) ]

HULIXOM 1HTepnoyisLii (HampHuKiIa:, 3a JOHOMOTrOI METOAY HaiMEHIIUX
KBazpaTiB) pparmenTiB 0G, Oymyemo KyOiuHi biciuaiinu [7]

mAo1 m°A_1 A s
x=%3:(0)= Y x'bh (@), y=95:0= > y b5 (o),
k=0 k=0
- " Ad A - "ot ey s
X=X;5(7) = z X b (), y=Y35(0) = Z Yi bz (7),
k=0 k=0
mi¢ g me¢ _1

X=X (1) = Y XbeS (@), y=V5c(0)= X YeobS (o),
k=0 k=0

m® -1 R mé® 1 A a A
x=%5 @)= 3 xPbE (), y=93()= Y yPpeE ()
k=0 k=0
32 JaHUMH KOOpIWHATaMHU ()Z(IIPA), )7(rkDA)), ()?(f,f‘B ), )7(rkAB )),

(%@, 5(9)), (%(zEP), 9(2£P)), simmosiano, xe
ePh = {ep + A5 +k{ra - AR —75 A5}/ 0P} (k=0,n"Y),

o8 = {y + AL +Kfrg —AR -z, - AL}/ B} (k=0,n"®),

75¢ = {zg + A5 +k{rc —AR —75 A5}/ N} (k =0,n"),

&P = {zc + AL +Kk{rp —AR —7c —AE}/ P} (k=0,nP),

MIN 0, ﬂkmore[ny,fM\ll), ~MN P
b’y (r) = 7 =0 (k=0,3),
, AMN AMN
1, axwo T €7, Tiyy )
fay =1 (k=14), 4™ =5 + ("™ -3 (k=4,m""),
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- N
K k+r+1
( )= k r— 1(7)ﬁL k+1 r—l(T)
k+r _Tk Tk+r+1 Tk+l
. . DA AB 3¢ ¢o DA | DA
a ximskocti mPA, m"®, m®, m KOHTPOJIBHHX TOYOK (X, , Y )

(X Y ) (xlfsc , yfc , (XED,kaD), TOYOK JMCKpPETH3allii JAUISTHOK rpa-
muni Buximoi oomacti nP”, n”®, n®, n®® 1a «oxomm» A(Ap)", A(AP)R,

APIE S APIR AL ARIR AL AR ppaycaemo 3amarmmi. Jlonos-
HIOEMO TIOYATKH Ta KiHIi OicIUIaifHIB ()N(BA (). Y34 (r)), ()N(Zé (), Vg (r)),

()?gé (7). Yge (z’)), ()N(gIj (). Yep (r)) KOHTPOJIbBHAMH TOYKaMHU

(%({rp +0.54%3), ¥ ({rp +0.54F3)),
(%({ra +0.5483), ¥ ({ra +0.5453)),
(%({rs +0.5A83), ¥({rs +0.5A%})),
(%({re +0.5A83), ¥(£zc +05A8}))

Ta

(%({L+74 —0.5453), ¥({L+74 -0.5453)),

( ({1‘”'5 -0. 5AB})’ y({1+TB _O'SAB}))

(%({L+7c —0.5453), ¥({L+7c ~0.5A83)),
).

(%({L+75 -05453), ¥({L+75 —05A5}

BimnoBigHo. OTpuMaHi (QYHKII TO3HAYMMO dYepes ()?E) (z), yDA(r))

(%3093 @), (G50 Vze (@), (%5(0).955()). Homaeso 10
060X CTOpiH NOOynOBaHMX OiCIUIAMHIB KOHTPONbHI TOUKM (X;,Y;),
(X5, ¥5) (Xz.¥e), (X5,Yg), BIANOBIAHO, HA MOYATKA (XBA(r),yBA(r)),
(X;‘é(f)’y;é(r))’ (f(éc” (7)1956(7)), (Xgﬁ(r),yéé(r)) Ta  KiHO
(%3 0935 ). (560956 @) (%595 @) (530,952
nia0uparouy 3HAYCHHS X;, Xg, Xg, Xy Tak, 100 yTBOPEHI TakuM 4u-
oM ymkiil (Xs5(7), Y54(0), (Xag (Y (@) (Xae () Yge (@)

()z(flj (). Yep (‘r)) 3aJJ0BOJIGHSIIM YMOBAaM OPTOrOHAJIBHOCTI:



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

%55 (0% (D +7), (075, M) =0,
Kie (%55 W+ §5.(0) ¥4, W =0,
s (0) % (D + 955 (0) ¥ (1 =0,
%135 (0) %5 (D + 72 (0) ¥l (1) =0,
me toukn (X;,Y:), (Xz.Yg), (X, Ye) (Xz,Yp) obuparorses 3 Goky
30BHILIHBOT HOpMaJIi 10 OG,,
Vi =05(§35(0)+95,)-

( ~0.5(%;,4 (0) + X3, (L

93«)) i)
(%ie *5,&(1)),
(0)-3,0)

(

)

(V3

))(%5e (0 - %35 @),
(

(54

)

Vs =05(75¢ 0+ V35 M)~
( ~0.5(%3¢ (0)+ K35 @
Ve =05(535 )+ 95 @) -

)

)

50T 0)
( ~0.5(%55 (0) + X35 @)
1

y
)< o 0% @),
Yo =05(75:,(0)+ Y55 @) - )= Vep (1))_

(46 ~05(%54(0+ %55 )) (%64 @)~ 75 ®).

VYTBOpeHY TakuM YMHOM 30ypeHy o0iacTe Mo3HauuMo udepe3 G,
(puc. 1, a). Insa Hel moctaHoBKa 3ajadi Matume aHanoriuyauii 10 (1)-(3)
BUTJISLI TIPH 33J]aHUX KBa3iMOTEHIAax ¢, 1 qo* Ha BIAMNOBIIHUX IUITHKAX
AB i CD ta IIYKaHUX KBA3irapMOHIYHUX KOMILICKCHO CIPSKCHUX (YH-
KUisx  @=¢(X,y), w=y(X,y) 1 TMOBHIA BHUTparTi Q. Tyr
G, ={o=p+iy: p,<p<g", 0<y <Q} (puc.1,6).

BignoBinna obepHeHa 3amada Ha KBa3iKOH(OPMHE BifOOpakeHHS
2=12(w)=X(p.y)+iY(p,y) npu mykaunx X=X(@.y), ¥=Y(p.y)
aHAJIOTIYHO J10 [ 1], 3amumnieMo y BUTIISIL:

0 (1a%) 0 ox
+ K
8(/) 6(/) oy \ oy

o(1a9) o &
oo\ ko) oy oy

0,

(X,9) €G;; (4)

01

10



Cepis: TexHiuHi Hayku. Bunyck 22

X(¢,0) = ~|5A (leA((ﬁ))v y(9,0) = y|j/:\ (TD*A(QZA’))v

(,Q) = Xg¢ (75¢ (@), 9(6,Q) = Yy (r3 (), pelpno],

(e 17) = Rig (745 0))s 9(@e¥9) = V35 (735 (9)), ©
R ) = R (7e 9)) Y@ 0) = Vg (a5 @), ¥ €[0,Q1;
%54 (2)%;, (6,0) + ¥, (2) 9y (6,0) = 0,
X5 (0)%; (,Q) + Ve ()9 ($,Q) =0, pelp., 0], 6

Xig (1)% (0e7) + Vi (1) 95 (0 47) = O,

e (D)% (9 . 9) + Y (0) 95 (9 ) =0, v €[0,Q],
ne 75:(9), t5: (@), 7;5(), 745 (W) — PO3paxyHKOBI 3aN€KHOCTI na-
pameTpiB 3aaHHS TPAaHUYHUX BY3JIB BiJ 3HAYEeHb (PYHKIliH KBa3ilMOTECH-
iary Ta Tedii Ha TUISTHKaX IﬁA, LS;(S, Aé, élﬁ, BignoBigHO. [Ipu npomy,

3amicTh yMOBHU (6) iHKOJIM BUKOPHCTOBYIOTh HACTYIHY (AMB., Hamp., [1];
Jialti MOpIBHIOBaTHMEMO €(heKTHBHOCTI 3aCTOCYBAHHS IIMX BUPA3iB):

25, ($,0)%; (6,0) + §5(6,0)9; (6,0) =0,
%5 (3,.Q)%; (£,Q) + 95(6.Q) 9y, ($,Q) =0, pe[pn. 0],
R (@ 0)RG (0e9) + 95 (s 95 (047) = 0,
850" )R (070 + 95 (09 (0" 17) = 0, v € [0,Q].
Pisunuesi ananoru 3amgau (4)-(6) i (4), (5), (7). Habmmxene npen-
craiaeHHss ¢opmyn (4)-(7) 'y piBHOMIpHIH ciTKOBIH  oOyacti

G:;:{@iyj=((ﬁi:l/7]): P =@ +iAp, 1=0m+1L v = jAy, j=0n+]

%

gﬂ—gﬂ*’ Al/}:

. Q
Ap = —_—
? m+1 n+1

, 7=A@1 Ay, m,neN} npusagaHomy (X, Y)

. : N e 2 .o " \2
i nosmauennsx d;,gs ; :\/(Xi+1,j_xi,j) + i = %) % = X9y ),

9i,j =V((ﬁin‘ﬁj): lei,j :K(Ri,jvyi,j)l TAB :7A|§(V;j)v ) :7650//]')1

TBA = T.jA(ﬁai)v Tee = Ta¢ (@), di,j+o.5 = \/()A(i,j+1 —Xi,j)z + (yi,j+1 - 9i,j)2
3amuIeMo HacTymHUM unHoM [1, 3, 8]:
)A(i,j = (f(m,j + Xi—l,j +J;Z’Qiz,j ()A(i,j—l + )A(i,j+1) +0-257;2’ei,j ()’Zi,jﬂ -
_)A(i,j—l)((lei,j )% (R i1 =% jo0) + (&5 )5 (Vi joa — fli,j_l))—
_0'25((’2i,j);<()2i+1,j =X )+ (& )y (Vi — Vi—l,j))(*m,j -

11



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

~X 1)) & )01 @+ 77RE)),

o Y (®)
Yi,j = (yi+1,j Vi H 7K Vi o+ Vi) £ 0.257°K5 5 (Vi jan —
=¥ j—l)((’ei j);((ﬁi,j-d =X j)+ (Iei,j)'y(yi,j-q_ - Vi,j_l))—
0.25((&; )% Risaj = Xice i) + (&1 )5 Fisaj = Vi 1)) Fiw =
Vi) & )0.5/(1+72;ef,.);
. 4
A e ——
(m+21)(n+1)
» ° » 7 - 9
y W (dios, +di+05 j+1)(di 05 + disy jros) 1_ ®)
i,j=0 ij +Kl+lj +K| j+1 +K|+1 j+1 ’
i = )N([jA(Z—E‘,A‘)r Yio = y[jA(TDA‘)x
Xine = iéé (TB”é ) Vina = ysc( BC, ), 10)
. . N N 10
%o = %38 Tag ) Yo = Vs (s ).
)A(m+1,j = )~(C"|j (Téﬁl)v 9m+1,j = yc‘|j( (3[3]),
Xea (O (Vi = Vio) + Y54 (0)(Xi1 — % 0) =0,
)2’BACA (T)(yi,n - )’zi,n+1) + yéc‘ (T)()A(i,n - *i,n+1) =0, (11)
X:&é (@) (Y5 = Yo, ) + )7:&5" (T)(X, —%o,5) =0,
Xéﬁ (@) (I, = Rmar ) + yé[") (D)X, j = Xir,j) =0;
(4% 1 = 3% 0 = % 2)(Kii1,0 = Xig0) +
(49i,1 _39i 0~ )7i 2)(9i+10 - yi—l,o) =0,
(3)A(| net T )A(i _4X| n)(X|+l n+1 Xl—l,n+1) +
+(3yi,n+l + yi,n—l - 4yi,n)(yi+1,n+l - yi—l,n+l) =0,
(12)

(4)21,1' - 3)2011- - )A(zyj)(f(oyjﬂ - )A(O’J-_l) +
+(491, —3Y0,j = ¥2,i)Yo,j41— Yo,j-1) =0,
(3Rt j T Xmot,j = 4% 1) Ripsa o1 — Kimar, j-1) +
+(3ym+1j +Ym-1) = 4m, 1)) Tmet s = Yme,j1) = 0.
IIpu upomy, G —{z--:x--+|yIJ ,jeGi, i:O,m—+1, j:O,n—+1}.
Anroput™ po3B’s3anns 3agaudi (8)-(11) ((8)-(10), (12)). Crnepiuy 3a-

Jaemo rpanumio disuunoi obmacti G, (byskuismun X =X(r), y= V(7)) i

12



Cepis: TexHiuHi Hayku. Bunyck 22

HapaMeTpy 7 =7,, T=7g, T =7g, T =7p. Jani 3ailicHioemo @O 3rigHo
MIIXO/Y, IO OIFICAHUI BHINE. 3aJa€MO KBA3INOTEHIIATH (., qo*, KIJIBKOCTI
BY3JIIB PO30OHMTT M, N Ta mapaMerp TOYHOCTI &. OOYMCIIOEMO KPOK
Ap=(p —p.)(M+1) Ta KOOP/IMHATH KyTOBUX TOYOK Xy .14 = Xpa (0),
ym+1,0 = yDA (0), f(o,o = )~(AB (0), )70,0 = yAB (0), )’zm+l,n+l = )N(CD 0),
9m+1,n+1 = yCD (0), )A(O,n+1 = XBC (0), 9o,n+1 = VBC (0).

®dopMyeMO TMOYATKOBI HAOJIDKEHHS KOOPAWHAT TPAHWYHHX xéoj)

6(0)  ¢(0) o (0) 6(0)  ¢(0)  o(0) i (0) e 20 o (0)
Yo,ir Xmivjr Ymivjr X0 Yio: Xinar Yiner Ta BHYTPIIHIX X730, Vi

. T . . . . . ~(0
(i=Lm, j=1n) By3miB i KBa3ikOH(GOPMHOIO iHBapiaHTy 7@ (3a dop-
Mmyioro (9)).
Po3nounHaemo iTepariiHuii mporec MoYeproBoi mapameTpusariii rpa-
HIYHUX 1 BHYTPIIIHIX BY3J]iB CITKOBHX 00JIacTel, a TAKOK KBa3iKOH(POPMHOTO
IHBapiaHTy 3 BUKOPHCTAHHAM ifeil MeTomy OsouHoil iteparti [1, 9]. A came:

pose’sizyemo crctemu pisnsmb (10), (11) ((10), (12)) crocoro %7, 9,

o o) o) () o) o) _
Xmivj Imini %ior Yior Xipsrr Yipe (tyT 1=0,1,... — HOMep Habu-

JKEHHs), MOTIM 3acTocoByeMO (hopmynu (8) 10 By3IiB z" yi{'j’ @i =1,m,

i, ]
i= l,_n), MTC/ISL YOTO YTOYHIOEMO A

, BUKopucToBYyrouH (9). YMoBamu 3a-
BEpIIICHHS iTepartiifioro mporecy MoxyTh Oyt [1]. Ocrarouro, npu HeoO-
X1THOCTI, OOYMCIFOEMO TIOBHY BUTpPAaTy Q=(n +DAp/ ;9('), HEB’SI3KY KBa3i-
KOH(OPMHOCTI, BUBOIMMO Ha €KpaH riJpoJuHaMiuHy ciTKy Tomio [1-3].

HopiBHsiHHA e()eKTHBHOCTI PO3B’A3aHHA 3aAa4i MOJeTIOBAHHS
TPH 3aCTOCYBAHHI Pi3HUX MiaX0/AiB /10 3a0e3neYeHHs] BAKOHAHHSI YMOB
OPTOroHaJBLHOCTI Ha rpanuui. Hexalt mMexa mocmimkyBaHol (BHXiTHOT)
obmacti  3ajaeTbcs  3a  JIONOMOTrOK  OicruiaitHoBuX  (yHKiH

m' -1 m -1 * *
x=%()= > Xbes(r),  Y=Y(@)= D Vibs(®)  [7],  yrBopemmx
k=0

k=0
m =12 KOHTPOJIbHUMH TOYKaMH, a CaMe:
(X, ¥o) = (272,379), (%, y;) = (260,269), (x;,Y;) = (360,189),
(% Y3) = (433,335), (x;.Y,) = (556,260), (x5,Ys)=(711,373),
(X5, Vo) = (694,493), (X;,y,) = (549,544), (X5,Ys) = (456,444),
(X, Yo) = (357,516), (X0, ¥1o) = (281,455), (X, Y1) = (272,379),

13



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

e

T =1 +(M =3)7" (k=4,m"),

* T*Tk * Tk l*T *
b (z) = —bk,r-1(f)+—+r+ By s,ra (7)),
Tkr — Tk Tk+r+1 — Tk+1
b () 0, sxmo 7 & [z}, 7y ,1),
k,0\T) =
1, axmo 7 €[}, 7 1),

T =1 (k= 14) 7, =0 (k= 03)
Touku A,B,C,De0G, BusHauaTumeMo mnapameTpamu 7, = 0.58,

75 =0.68, 7. =0.04, 7, =0.042. Cram ¢., ¢ 3amaemo piBHEMH 0 i
1, BianoBigHo. [Ipy HaBeneHNX MaHMX 1 PI3HUX MapameTpax po3OUTTS M, N
PO3B’sI3aHO 3a/jaui MOZEMIOBAaHHS PyXy YacTHUHOK SIK B obmacti G,, Tak i B

G2 (npouez[ypa ®O BUKOHYBaJIach TIPU mPA — =269, mAB - 9, me¢ - 364,

P-139, n"=2680, n"®=40, n® =3630, n°° =690,
AL =AR =Ag =A% =0418311, AL =A% =Af =Af =13.892004). B
000X BHIagKaXx OOYHCICHO YyCepemHEeHI HEB’SI3Ky OpPTOTOHAIBHOCTI

l m,n

Y .
D & Ta ysaraibHeHy HeB’S3KY BiIHOIIEHHS JOB-

4 = —-——
(m+21)(n+1) .20

m,
JKUH CYMDKHHUX BiIpi3KiB e = Z i B MaJioMmy, Je gi/ j Ta
(m + 1)(n +1). k

z C A7 .
&;; Bobmacti G/ po3paxoByloThCs 32 opMyIamu:

max(di+0.5,j 1(7 %9 j105) 7 Ki jdi js05 /di+0.5,j)_1
Ta

(R =R DG =% )+ O = 9 g = 9i0))|
arcsin = y

disos,jdij+0s ‘

BiNoBiHO. ['padiku po3noaiay BeTHUUH g,’ j Ta giﬁ-,

HIiCTh TIOPAZKIB X 3HaYEHb, 300pakeHo, moaioHo 1o [10], y morapudmiy-
HOMY Burysiai (puc. 2, a Ta puc. 2, 6). Ilpu upomy, AJsl CIIPOLLEHHS aHai-

3BaXKAIOYM HA Pi3-

3y Pe3yJIbTaTiB, i3 po3paxyHkis &' (puc. 2, 6) BUKIIOUEHO BY3IH 3 0COO-

JIMBOCTSAMHU, IJII SKUX si/ j >106, ajie TMOpPaxOBaHO iX KIJIBKICTh Ny
(puc. 2, 6).
14
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Ine“A 45x7  91x15 183x31 367x63 735x127
0 f

-1

mxn

-2

-3
4

=5

Ine’ A

= .-"-.._. N
P ——

—
45x7  91x15 183x31 367x63 735x127
6

O =MW R
P
e
”~

Ho A
300 e
250 A .

200 - =T
150 7=
100 L e >

50 |l N

............ mxn

45x7  91x15 183x31 367x63 735x127

8

Puc. 2. Ycepeoneni neg sizka opmo2oHanibHocmi (@) ma y3a2aivHeHa
Hes '3Ka GIOHOWIEHHS 00BICUH CYMINCHUX 8I0pi3Ki6 (6) 6 Maromy,

@ MAKoHC KiNbKIiCMb Y3716 3 0COOIUBOCMAMU (8); MYM 300PAXHCEHO PE3VILMAU Y
6unadky PO (——, = =), 6e3 PO (......, =.=), npu 3acmocysanni popmyn (11)
(= = =.=) ma 6upazie (12) (e, ...... )

Sk BuAHO 3 puc. 2, 3actocyBanHst hopmyit (11) npu nmopiBHIHO Maiit
KIJIBKOCTI BY3JIB € Hee(eKTUBHUM. AJie mo4YrHarouH 3 po3outrts 183x31,
NOXHOKHM KBa3iKOH(OPMHOCTI, O4YiKyBaHO [6], JIOKaJIi3yIOThCS Y TOYKax

A, B, C, D (A, B, C, D). [Iponenypa sx @O m03BoJIsI€ B3arai mo3-
6aBUTHCH O0COOJIMBOCTEH B OKOJIAX «CTHUKY» 'DaHWYHUX JIHIH Tedii Ta ek-
15



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

BIITOTEHIIAIFHUX JIIHIN (X049a ¥ TYyT CHOCTEpIraeThCsl MEBHA 3aJIeKHICTh
BiJl MTApaMeTPiB «TyCTUHID PO3OUTTS).

Takox, sIK 1 O4iKyBaJIOCh, 31 30UIBIIEHHSM KUIBKOCTI BY3JIiB PO30OUT-
TA piBeHb MOXMOOK KBa3ikOH(OpMHOCTI 3MeHIIyeThcs. HaiiedexTnBHi-
MM 3 Ii€i TOYKH 30py € 3acTocyBaHHS mporeaypu PO Ta pi3HUIEBHX
piBasHb (12). [Togansma rpaganis HactynHa: 6e3 @O Ta i3 3amif0BaHHIM
Bupasis (12), nmpu 30ypenHsx 3a nonomororo PO Tta Bukopucrandi (11), 3a
YMOBH TJIJKOI rpaHuIl obacTi Ta peamizarii popmyn (11). Bapto 3ayBa-
JKUTH, IO B 2-My Ta 4-My cepejl IepelliueHuX BUIaIKiB MalOTh MiCIE 0CO-
OJMMBOCTI y MEBHUX OKOJAaX OCOOJMBHX TOYOK. TOMy, HalpHKIaA, MpU
PO3B’s3aHHI 3a/1a4 enekTpuuHoi Tomorpadii [2, 3], anpiopHuME TaHHME
Ha BIAMOBIAHUX IUIAHKAX, y 0araThOX BHIAIKaX, JOBOJUTHCS HEXTYBaTH
(st 3a6e3MeYeHHsT BHIIOTO PiBHS KOPEKTHOCTI 3a Aamapom [4]).

IlepcnexTHBH NMOAANBLIIMX AOCTIKEHb Y 3a1a4ax eJeKTPHYHOL
Tomorpadii. Y poborax [2, 3] npu po3s’si3aHHI 3a1a4 €IEKTPUYHOI TOMO-
rpadii (peKoHCTPYyKLil 300pakeHHs1) BUKOPUCTOBYBAIUCH (opmymnu (11)
CTOCOBHO OOnacteil i3 rmagkuMmu rpaHuisiMu. [Ipote, sk BUOHO 3 pHC. 2,
MOYKIIUBO JOCATHYTH CYTT€BO BHIIOi TOYHOCTI OTPUMYBAHHX PO3B’S3KiB i3
3actocyBaHHsAM mpouenypu @O ta BupasiB (12). 3okpema, cyTTEBOIO Tepe-
Barol0 TyT CTA€ YHUKHEHHS BY3JIB i3 OCOOMMBOCTSIMH, SIKI MAIOTh MiCIle B
OKOJIaX TOYOK «CTHKY» T'PaHHYHUX JIiHIN Tedil Ta eKBINOTEeHIIaIbHUX JIiHIH.

Y rTakoMy BHIAAKy, 3aMicTh 4YOTHphOX OICIUIaliHIB  BHIY

(%6 (Y5 (D)) (Xag () Y38 (0))s (X (0): Vg () (Xep () Ve (7))
OymyroTbcss  p 4eTBIpOK ( %P (7), y(p) (r)), ( %P (7), y(p) (r)),

(Xé‘g(r),yé’g(r)), ( é’g(r) y(p)(r)) npu samamnx 7 =73, 7=17",

T= rép), T= r,(jp). [Ipu 11pOMY, OCKUTBKM 3HAYEHHS P Y 3a/adax TOMOTpa-
Gbii MoXxe mocsAraTH KiTbKOX COTeHb [2], TO OYEBHIHOIO € IepeBara B OIKca-
HOMY BHIIIE CaMe aBTOMaTH30BaHOMy anroputmi @O.

Tomi 3amaui Bumy (4), (5), (7) Ha 3HaxXOIKEHHS QYHKIIN
%ip=X@.v) Vi =9@.v;) & ;j=x(%; ;) i3 BpaxyBaHHsM iH-
JKeKIiitHoCT [2, 3] (3 mobGaBieHHSAM iHACKCY P IO BIATIOBIAHMUX 3MiHHHX

Ta MapaMmeTpiB, sSIKe O3HAYa€ HAJEKHICTh JO0 KOHKPETHOTO CHUTYaI[IHHOIO
BUIIAJKy PO3MILIEHHS IUISTHOK NPUKJIaAaHHs KBa3illOTEHIIalliB) Ta JI0MO-
BHEHi ymoBamu [3]

xP(3,0)= 38 ({2(@)), v (9.0 =5E) ({7 (9)).
X (pe) =X (22, ), v (0e) =92 (<5 ),

16



Cepis: TexHiuHi Hayku. Bunyck 22

x(P) ((ﬁ’é(P)) _ )~((APA) (qu) ((/7)), y(P) (é),(-:)(p)) _ y(APA) (;ég) ((/3))' (13)
xXPle") =52 (2 6)), vV 0 ) = IR (e )

(¢ el 0’1, v <[0,Q])

R .
PO3B’SI3yBaTUMYThCS TIPH pi3HUX Ay, B, C,,

3Ha4ueHHs Bupa3iB (13) orpuMyroThes i3 anpiopHoi iHGOpMATITii oA po3-

NOALTY  3HAYCHb QET((FR . (/7(%) ' '//,E p()m ' v ! Fp))) ((/7(3:? < (/7(<az+1:

J(
o) <olf . v <y v <8y tomax (), 7{),

D,. lpu upomy, unciosi

@

I D R M O ) MG (L BT REY

i®=o,mP 41, P =0n ™41, i™=0mP +1) ma mexi gocmi-
IKyBaHOI obnacTi G, [2-4]. Buxomsuu 3 Toro, 1o 1ii JaHi 3aar0ThCs JUC-
KPETHO (3 EBHUMHM KpOKamMu) Ha 0G,, TO JOLIIBHUM € BHOUPAHHS «OKOIIB»
(p)L (PR (p)L (p)R (p)L (PR (p)L (p)R
Ax7T AR AT Ap Ac’T AT ApTT, Ap
MaJIMMH, 100 MiJ CyTTeBO 30ypeHi BHaCJ'IiL[OK DO ningHKy 00nacTi He MOT-

HACTUILKHU

1

p‘a'r[‘]-I;I‘HI/I TOYKHA (Xf((g?l y((ppz) (Xl((pp)) ' y p) (X( p()p) ’ y,Ep()p) (X ((E)): y ((E))

(J(p) n(p), T(p):l,m(p), j*(p):l,n*(p), l(p)zl’m(p))_ KoopmmHa-

TH OCTaHHIX Ha OiCIIIaifHOBMX KPHBHX aPOKCHMYEMO 3a JIOTIOMOTOI0 Mapa-

METpiB T = zz((g)), T= ﬁi(('f,,), 7= T,Ejp(),,,, T=7f ((E)), OUIbIICTE 3 SAKUX

(jip) -1 nip)’ i =1,rT1(p), j*(p) :Ln*(p)‘ l(p) =1,m(p)) oBuHCITIOE-
MO 32 yMOBH MiHiMi3arlii BI/IpaSiB'

(X0 (&) -x8)) +(3
( (p)( (p()w X(p) ) +( (p)(‘f”({ yip()p)) — min,
( (P)(Tj(p) *((E?) (

* * x| 2 -
((p)(r(p)) x(([,’))) ((p)(r((r;))) y(p))) s min.

2
y (#(0) -y B ) — min,
(p)(T*((p) ((FB) — min,

Pemra >k BiANOBiZa€ KyTOBHUM TOYKAM: ?0( P — fo(p) = f(p) = f*( P,

7 _am _ap) 2 ((E)) =1. OyHkiii 7 = T(p) (@), 7= (P W),

m(u)+1 _m(p)Jrl *nfp) +1 *AB

T=7 ég) @), t= ré('jp) (¥), wo Bxoaats y Gopmyiy (13), 6yayroThcs BHa-
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MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

CIIIJTOK IHTEPIOIIOBAaHHA (HAIPUKJIIA, 33 TOTIOMOT0I0 MOHOTOHHUX KyO0id-

HuX craitnis [11]) sHauens 7 = rf(’zz, T= I(ﬁ)) r=fP 7= i (") npu

*JIP)I

of) v v,

napameTpax o\, ¢

3arajioM, BUKOPHUCTaHHs alpiOpHUX MaHHX y 30ypeHomy BUrmsimi (13)

npu joctatHbo Mamax smadermsix ALPE, APIR AL AR AP

A(p)R, A(p)L A(p)R 3a0e3mneuye OUThITY KOPEKTHICTh BUXIITHOI 3amadi 3a

Anamapom. TakuM 9rHOM, 3MEHIIYEThCS HEOOXiTHICT y perynﬂpmaun [4],
sIKa HETaTUBHO BIUTMBAE 1 HA IIBU/KICTh PO3PAXyHKIB, 1 Ha IX TOUHICTB.

BucHoBkn. PeanizoBaHO MeXaHIi3M MiIBHUIIEHHS TOYHOCTI KBa3iKOH-
(opMHUX BimoOpakeHb IPU PO3B’SA3aHHI KPaHOBUX 3a1ad B i30TPOIHOMY
CEepeIOBHILII 3 YOTHPUKYTHOIO TJIAJIKOI0 TPAHMIICIO, SIKa CKIIAJAEThCsS 3 BOX
JiHIK Tedil Ta ABOX €KBIMOTEHIIANBHUX JiHIH. [y 11por0 po3pobieHo cre-
LiaJbHy MpoLeaypy «(ikTHBHOI opTOroHatizalii», sika nepeadavac 3amiHy
BUXITHOI 00JIaCTi JIESKOI0 allpoOKCHMOBaHO0. Lle X049 1 BHOCHTE TeBHi 30y-
peHHst y (GOpMy TOCHTIPKYBaHOTO 00’ €KTa, MPOTE 3a0e3leuye BHUILY TOY-
HICTh KBa3iKOH(GOPMHHUX BimOOpakeHh Ta OUIBIIY «IIPO30PICTE» XOmy
PO3B’s3aHHs BiANOBINHOT 33/1a4i. [IpoBejeHO MOPIBHSHHS HEB’SI30K KBa3i-
KOH(OPMHOCTI, 00UHCIICHIX Ha MPUKIIAIaX TIIaIKO1 TPAHUIII ISsIKOT 00acTi
Ta cepii «(ikTMBHO opToroHamizoBaHuxy». [lokazano 6e3yMOBHY e(heKTHB-
HICTb 3aCTOCYBaHHS JIESIKOI «II’ITHTOYKOBOD» CXEMH (HaJl «JBOTOUKOBOIO)
B 000X BuMaakax. biibie Toro, «(hikTHBHA OPTOrOHAMI3AIls 3a0e3euye
«I030aBIICHHSD) BiJI 0OCOOIMBUX TOYOK i IOXUOOK, 110, TIPH [FOMY, BUHHKA-
10Th. JloKamizallis * HEB’S30K KBa3iKOH()OPMHOCTI B OKOJIaX OCOOJIMBUX
TOYOK, IO Ma€ Miclle TIPH TIAIKOCTI MEXi JOCIIKYBAaHOT 00JIacTi, CIIocTe-
pIraeThest JMIe MpU «rycToMy» po30utTi. Toxl sk y, HApUKIa, 3aaa4ax
eJIEKTPUYHOI TOMOTpadii, y 6aratbox BUIAIKaX, KPUTHYHUMH € NMOKA3HUKU
IIBHIKOCTI PO3PaXyHKiB Ta IX TOYHOCTI B3JOBXK yCi€l TITISTHKA TPAHHIIL.

VY nmepcnekTuBi: peajizauis npouenypH «(GiKTHBHOT OpTOroHami3amiin
y 3amavax enekTpuaHoi Tomorpadii [2-4], 30kpema, y BUIamKax, KOJIU Ha
JUTSTHKAaX TPaHUI[l MAOTh MiCIIe HETTaaKOCTi [1], 10 MOACTIOETHCS KPH-
THUYHAMHU TOYKAaMH, B OKOJIaX SKHX MAIOTh MICIe «3acTiliHi 30HW». OKpiM
L[OTO, IUIAHYETHCS PO3POOJICHHS IIJXOJIB 10 BpaxyBaHHs HasBHOCTI Y
JIOCITIIKYBaHOMY CEPEIOBHII TOHKUX Tpormmapkis [5] i3 BnacHumu ¢insT-
pauiiHUMU (ENEeKTPUYHUMH) XapaKTePHUCTUKAMHU.
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ON AN APPROACH TO SMOOTHING THE NONSMOOTHNESS

OF SOLUTIONS OF BOUNDARY VALUE PROBLEMS USING
NUMERICAL QUASICONFORMAL MAPPING METHODS

The problem of modeling the motion of particles (charges, liquids, etc.) ina
single-connected quadrangular curvilinear domain bounded by smooth two
streamlines and two equipotential lines is formulated. Although if they are not
«joined» at right angles and the corresponding medium is isotropic, then, ac-
cording to the quasiconformal mapping method, there will be singularities in
the vicinities of exactly four points of the boundary. To avoid these singulari-
ties, an approach to approximation the boundary of the studied domain (by cu-
bic B-splines) with the use of a special procedure of “fictitious orthogonaliza-
tion” is proposed. The corresponding direct and inverse problems on quasicon-
formal mappings are formulated. In this, two ways for the formation of orthog-
onality on smooth sections of the boundary (using some «two-» and «four-
point» schemes for comparison; the corresponding difference problems and al-
gorithms for their solving are given) are proposed. An approach to estimating
the accuracy of quasiconformity properties fulfilling is proposed, separately
calculating the averaged orthogonality residual and the generalized residual of
ratio of the lengths of adjacent segments in the small. Numerical experiments
were carried out and corresponding results were analyzed. In particular, the dis-
tributions of both types of residuals and the number of nodes with singularities
when different mesh partitions take place are illustrated in the graphs. As ex-
pected, «fictitious orthogonalization» with sufficiently «dense» discretization
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provides an opportunity to solve the problem of singularity at the points of
«junction» of boundary streamlines and equipotential lines, contributes to in-
creasing the accuracy of quasiconformal mappings and improving the «trans-
parency» of solving process of the corresponding problem. Also, as expected,
the «five-point» scheme for ensuring orthogonality on smooth boundary lines
showed greater efficiency compared to the «two-point» one.

As a prospect for further application of the developed procedure of
«fictitious orthogonalizationy, the mechanism of its adaptation is described
on the example of electrical tomography problems.

Key words: mathematical modeling, nonlinear problems, quasicon-
formal mappings, numerical methods.
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SIMULATION OF THE CHARGE CARRIERS DISTRIBUTION
IN THE ACTIVE REGION OF THE P-I-N-DIODES
BY THE PERTURBATION THEORY METHODS

A mathematical model of the electron-hole plasma stationary
distribution in the active region (i-region) of p-i-n-diodes in the dif-
fusion-drift approximation is proposed. The model is represented in
the form of a nonlinear singularly perturbed boundary value prob-
lem for the system of equations of the electron-hole currents conti-
nuity, the Poisson equation and the corresponding boundary condi-
tions. The decomposition of the nonlinear boundary value problem
of modeling the stationary distribution of charge carriers in the
plasma of p-i-n-diodes is carried out on the basis of the solutions
asymptotic representation. The model problem is reduced to a se-
quence of the linear boundary value problems with a characteristic
separation of the main (regular) components of the asymptotics and
a boundary corrections. It was found that the formulation of the
problem for finding the zero term of the asymptotics regular part
coincides with the classical formulation of the p-i-n-diodes charac-
teristics modeling problem, which is carried out in the approxima-
tion of the ambipolar diffusion (approximation of a self-consistent
electrostatic field). The proposed mathematical model and the
method of its linearization make it possible to determing the main
components in the diffusion-drift process and to study their role.
For example, it becomes possible to study (including by analytical

© Andriy Bomba, Igor Moroz, 2021
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methods) the behavior of plasma in the p-i-, n-i-contacts zones.
The results of the study are aimed at developing methods for de-
signing p-i-n-diode structures, used, in particular, as active ele-
ments of the signals switches of a microwave data transmission
systems and the corresponding protective devices.

Key words: perturbation method, singular-perturbation prob-
lems, boundary layer method, diffusion-drift process, p-i-n-diode.

1. Introduction. For switching of the microwave electromagnetic
field p-i-n-diodes are used [1, 2]. The electromagnetic field is controlled
by changing the concentration of the charge carriers (electrons and holes)
in the active region (i-region) using a control current. The distribution of
the charge carriers concentration is the basic characteristic of the micro-
wave switches. To estimate the value of the accumulated charge in the
active region, in particular, the hydrodynamic models of plasma dynamics
are widely used [1-3]. The mathematical model of plasma dynamics is
based on a nonlinear system of partial differential equations, for the analy-
sis of which a number of approximations are used. In particular, the ap-
proximation of ambipolar diffusion (self-consistent field mode) [1-3] does
not take into account the effects of plasma heating [1], etc. This approach
allows one to obtain linearized mathematical models. However, this re-
duces the level of modeling adequacy.

There are a number of practical problems (for example, the problem
of optimizing the characteristics of p-i-n-structures) that cannot be solved
using linearized models. There is a need for the development of an appro-
priate mathematical modeling tools.

The aim of the work: development of the mathematical model and an
method for decomposition of the problem of finding a stationary distribu-
tion of the charge carriers concentration in the semiconductor p-i-n-diodes
active region within the framework of the application of the plasma dy-
namics diffusion-drift model and the perturbation theory methods.

2. The formulation of the problem. The p-i-n-diode active region is
a limited region (Q={(x,y,2):0<x<1,0<y<w,0<z<d}) of a semi-

conductor material with intrinsic conductivity, at the boundary of which
(0Q) are p-i- and n-i-junctions intended for injection of charge carriers into
the active region (holes and electrons, respectively). The cross section of
the p-i-n structure is shown schematically in Figure 1. 0Qnp — the bound-
aries of injection contacts, 0Q — the isolated boundary. The basic math-
ematical model describing the distribution of the concentration of holes
(n), electrons (p) and potential (p) in the active region of p-i-n-diodes is
based on the equation of the holes and electrons currents continuity and
the Poisson's equation [1, 3]:
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Anzi(Vn~V(p+nA(p)+ l*n, 1)
kT DnTn
e 1
Ap=—(-Vp-Vo-pAp)+——p, @)
kT D.r
plp
EE,
TOA(/JZ—(p—nJer)v ©)

where 7", z," are the characteristic relaxation lifetimes of holes and elec-

o
trons in the i-region (in the general case, they depend on the local concentra-
tion of electrons and holes and are determined by a certain mechanism of the
charge carriers recombination); N, =N, - N4 = N, (x,y) — a given func-

tion of the doping profile (describes the difference between the concentra-
tions of acceptors and donors in the active region); D, , D, — diffusion coef-
ficients of holes and electrons, respectively; k— Boltzmann’s constant; T —
temperature; e is the electron charge; ¢, o are the relative dielectric constant
of the semiconductor and the dielectric constant.

y 4 Q%
1
0% oy 0Q%
\.‘"F ___________________________
O - . =-
0% I'w ¥

Fig. 1. Cross-section of the p-i-n-diode’s active region
In general, the boundary conditions are as follows:
a) on injection contacts

((]” _i”r).;)‘agn =J. ((J?p_]pr)";)ag
((jp _jpf)';) =J, ((Iﬂ _JTW)";)LQP =0, (plan =Uu., 0

where J is a constant that determines the injection current density (control
current density); v is the normal vector to the region border; are the

=0, (p|69" =0, (4)

o0,

jn,p

currents density of electrons and holes; are the density of the re-

Jrn,rp
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combination currents. Note that boundary conditions (4)-(5) are written
under the assumption that only electrons carry current through the o0Qn
boundary, respectively, through 6Q, — holes (in the p-i-n-diodes with a
wide active region the most of the injected charge carriers recombine in
the i-region and not manages to get into the area of opposite contact).

Taking into account relations ip =eu,pE—eD,Vp,
Jn =eu,nE +eD,Vn, j=ea,pv, j, =ea,nv, it can be shown that
conditions (4.5) are equivalent to the following:

on J on
——]/nn = y T :Ol (6)
ov oo, €D, odv o0,
op J op
——}/p =, — :O’
ov 50 eD, oJv o,
o (24 .
where 5, =| o Lo | (I T 1B g the recombi-
My My ) Dy My Hp Dy

nation coefficients of electrons and holes, respectively;
b) on the isolated borders, we obtain the similar relations:

op on
—— =0, —-y,n| =0. (7
P 7ppmo 5, o
Based on the arbitrary choice of potential, we put
op
w A = 0 1 ¢ = U [ = O ’ 8
o, =0+ o, =V 50| ®)

where U is a constant that determines the voltage on the p-i-n-diode contacts.

Note that in the boundary conditions, dependent characteristics are
used — the density of the injected current J and the value of the potential
at the p-i-contact U (in the general case, the connection between the char-
acteristics is established by Ohm's law and depends on the conductivity of
the i-region and the resistance of the external electrical circuit).

It is convenient to analyze system (1)-(3) in a normalized form. It is
also proposed to consider a two-dimensional spatial model of a p-i-n-
structure  element (the solution is sought in the region

Q' ={(xy):0<x<1,0<y<w}), since its linear dimensions along the
0Oz axis significantly exceed other its linear dimensions. Let us introduce

. . . . . .. - X
into consideration the dimensionless quantities X=— (0<X< ! ),
W w

-y - - ep =~ eU _ n - Npax . p
== (0<y<l), p=—,U=—, n=— (0<n< , P=—
y w ( y<i) o KT KT N; ( N; ) P N;
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(0<p< pgax ), Ny = E—d where N; is a constant, determines the con-
1 I

centration of electrons in its own semiconductor, depends on the selected
material of the semiconductor; T — constant, determines the temperature
(300 °K); k — Boltzmann's constant. We obtain a nonlinear system of par-
tial differential equations, consisting of the Poisson's equation and the
equations of continuity of diffusion-drift currents, written for the station-
ary case, in the following form (the ~ sign is omitted):

pAp=—(p-n+N), )
An=Vn-Vo+nAp+An, (10)
Ap=-Vp-Vo-pAp+A,p. (12)
N kT 2
In (9)-(11) the notation is used: u= ";802 , A, =W—*,
e“W°N, D,z,
2
A, = — . Estimation of the value p is ~ 108,
Dy7p
In this case, conditions (6)-(8) take the form:
on J w on
——7, =—— —| =0, (12)
ov oo €Dy N " Ovlg
op J w op
——}/p =, — = O,
ov o0, er N; ov o0
0
_p_ypp =0, - 7N =0,
av o) ol
99
(pl , 0,§o|ﬁ =U,—| =0
oQ) 0Q ov oo

When describing the doping profile N, (x,y), let us consider the

case of a sharp boundary between the doped regions and the region of the
intrinsic semiconductor:

L(x,y)eQ' L(xy)eQ
Na(X,y)=4N NG (X y) =1 Ny ,-(13)
: N—a_o,(x,y)eaﬂp N—O,(x,y)eagn

3. The problem decomposition by the perturbation theory meth-
od. To find an approximate solution to singularly perturbed problems for
differential equations (similar to system (9)-(11)), a number of asymptotic
and numerical methods have been developed [4-11]. These methods, in
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particular, are used for mathematical modeling of processes in semicon-
ductor devices [10-11].

Let us apply the method of boundary functions [4-9] to analyze the
problem (9)-(13). A feature of this problem is the fact (in comparison with
the formulations of problems [10-12]), that the proposed mathematical
model (9)-(13) describes the flow of diffusion-drift currents of unbalanced
charge carriers in semiconductor diodes with a wide base (there is no sharp
boundary between the regions of semiconductors n — and p-types of con-
ductivity). Thus, in the p-i-n-diode there are two contact zones (n-i and
p-i) of semiconductors of different types.

Based on the statement of the problem and taking into account that
the structure of the solution is mainly influenced by the conditions on the
contact sections 0Q, and €, through which the i-region is filled with
minority charge carriers, we propose to find a solution in the form of the
following asymptotic series:

9 =p(X Y. 1) = Dy (XY, 1)+ Dy (€, 12 +<I><m)( ,ﬂ) (xy,u) =
:iy‘wi(x,y)@)y‘@( zﬂ i (2)+ Ry (1, v,20) - (14)
“=”(le;,u)=N<m>(X,;1u) Ny (& 22) +N(m)( 1)+ Ry (%Y, 1) =

=§;u‘ni(xy ZﬂN( #Ni(€)

(¢

)+R

P=p(X Y u)=Pm(x YH)“LP(m) 5# +Pm (& u ) o(my (% Y, 1) =

+ n(m)(X Y, /U)

3

=2 u "B (% )+ Z#P( ZﬂP(
where cb(m)(x Y. 1), N(m)(x,y,y), P(m)(x, y, 1) — the regular part of
the asymptotics; @ (&4), Ny (Si#), Py (&4), Om (& n),

N (m) (Ey) P(m) (é;#) — the near-boundary asymptotic corrections,

p(m (X Y2 22) s

respectively, in the vicinity of the points y=0 ta y=1 (é:i

R

E= =y corresponding  regularizing = stretches); R, (X, Y, 4),
i
Ragmy (% Y5 22) » Rygmy (X, Y, 12) — remainders of the series.

Substituting (14) into the equation (9)-(11) and conditions (12) and
using the standard procedure of «equating» form the following sequence
of tasks for the area Q'.
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The main terms of regular series (14) satisfy the system of equations:
Mo = Po> (15)
Ang =V -(ngV g ) = Ayng = 0
Apy +V-(PeV @)~ Ay Py =0.
The boundary functions of the initial stage of the solution construc-

tion process must satisfy the systems of ordinary differential equations
(16)-(17) (the variable x is included in the equations as a parameter):

2
0 90 ~-(Py—Ny), (16)
2—o _i “n, Z(DO _o,
os?  as( o0&
Py 0, e
oc? o0& agz
3 (Po—No), (17)
o¢
2N _ = 2 =
e LMt n iR
os”  0¢ g o&
?*Py 0 (= od o’ o
—+ (P —O}r Po —5-=0.
o&”  0¢ s o&

Systems of equations (15)-(17) are supplemented with boundary
conditions (12), which take the following form:

on ON
Do o= 7aNg| =0, 20| - LW (18)
oy y-o 0| o ey N,
d oP
& = ,;0 :O,¢0+90|y:020,
oy |, oc|
op, - oPo I w
——7,Pg—¥pPo| =0,—=| =-——"T"—,
ay . P y:l aé y:]_ EDn NI
on aﬁ —
S0l 20,52 =0, g+ =U,
oy vt 0 y-1
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=0, 2

Note, that the system of equations (15) is equivalent to the linear dif-
ferential equation An, _E(A" + Ap)n0 =0, which is also obtained within

the ambipolar diffusion approximation [3].

The next stages of the search for the terms of the asymptotic expan-
sion are based on the sequential solution of the equations systems similar
to (15)-(17) with the corresponding boundary conditions:

For example, at the second stage, we are looking for solutions to the
following systems of equations:

Apy=—(p—Nny), 19)
An =V (Ve )-V-(ngVe )—An =0,
Apl+V~(p1V¢O)+V-(pOV<p1)—App1 =0;

:_(El_ﬁl)' (20)

op, 0D °d o°®, 0P, 0o,
P 9=0 . _21+ D, 2o + 250 9%
OX 6§ o0& o0& ag OX

o’ _ ~(Pr-N), (21)

N1 8 [— 850] d [— a&}
ot oe\ ag ) agl ¢

g oo @1 0" 0No Oy _
ox 0f C oF og?  0F O

27



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

3P0 0= 0do) 0 (= od:
-y + —= P]_ = +— PO —_— |+
og. ae\ og ) eg\ e
p, 0D 20 209 0Py @
+ﬁ8(l)_o+p06:121+ 1620+8F’_0ﬂ:
ox 0& o0& o0&t 0 Ox
Systems of equations (19)-(21) are supplemented by the following
boundary conditions (similar to (18)):

on ON
a—l—?nnl 7a Ny _0'6;1 =0,
y y=0 é—: y=0
0 oP
Py =0, —% —O!¢1+91|y:0_0'
%Y lyoo o¢ yo
op = oP1
a_l 7p Py 7p P1 =0, a_— = 0’
y Vot £,
B N: —
ﬂ =0, a—_l =0 y O +CDJ_| =0 ,
oy y-1 0 y-1 =1
on op oo,
_l_7n1 = ’_1_7,npl |: , —4 I:0.
Ox x=0,x= Ox x=0,x=— OX x=0,x=—
w w w

Note, that additional conditions are imposed on the near-boundary
functions

lim N (£) = lim P, (¢) = lim Ni (€)= lim Pi(£)=0,

o £ = Eroo Eow

Jlim @, (¢) = Jim ®i(£).

Using considerations similar to [4-9], we find at estimates of the re-
mainder terms of the asymptotic series:

R(P(m) (X’ y’fu) :O(lumﬂ) ! Rn(m) (Xv yuu) :O(,Umﬂ) ’

Ropm (XY, 1) = O(ﬂml) -

4. Conclusion. The mathematical model of the charge carriers sta-
tionary distribution in the electron-hole plasma of semiconductor p-i-n
diodes and the methodology for the decomposition of the corresponding
nonlinear model problem is proposed. The mathematical model is based
on the use of a hydrodynamic model of the dynamics of a two-
component plasma and the asymptotic representation of solutions of the
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corresponding singularly perturbed model problems for nonlinear sys-
tems of differential equations. A preliminary analysis of the results ob-
tained indicates that the proposed approach is promising. In addition to
the fact that the classical formulations of the problems of modeling the
characteristics of p-i-n-structures are automatically included in the
framework of the proposed scheme for finding solutions to the original
problem, the presented method allows us to make significant amend-
ments to the solution. This not only increases the level of modeling ade-
quacy, but also provides an understanding of the features of a number of
physical processes (diffusion-drift, recombinant) in the near-contact re-
gions of the active region of p-i-n-diodes.

The proposed approach can become a basic tool for studying nonlin-
ear thermal, diffusion-drift, generation-recombination stationary and non-
stationary processes occurring in bulk and integral p-i-n-structures under
the action of external microwave radiation, and predicting new physical
effects in the systems under study.
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MOAOENIOBAHHSA PO3NOAINY HOCIIB 3APAQY B AKTUBHIN
OBJACTI P-I-N-OIOAIB METOOAMU TEOPII 3BYPEHb

3anpornoHOBaHO MaTeMAaTH4HY MOJENb CTAlliOHAPHOTO PO3IOLTY eie-
KTPOHHO-IIPKOBOI MIa3MH B aKTHBHIN o0iacti (i-obmacti) p-i-n-miomis y
nudysiiHo-ApelihoBoMy HabImKeHHI. Moeb MoaeThesl Y BUTTIII Helli-
HilfHOT CUHTYJIsIpHO 30ypeHoi KpailoBoi 3a1aui Asl CHCTEMH PiBHSIHD HETe-
PEPBHOCTI €NEKTPOHHO-IIPKOBUX CTpyMiB i1 IlyaccoHa 3 BimmoBiZHUMH
TpaHUYHAMH yMOBaMH. [IpoBeZeHO IEKOMITO3UINIO HENiHiIHOI KpaifoBOi
3amaqi MOJIENIOBAHHS CTalliOHApHOTO PO3IOIIIY HOCIIB 3apsmy B IDIa3Mi
p-i-n-miofiB HAa OCHOBI ACHMIITOTHYHOTO IMPEICTABIEHHS PO3B’s3KiB. Mo-
JleNbHA 33/1a4a MpUBEJCHA J0 ITOCIIJOBHOCTI JiHIITHUX KpaHOBUX 3amad i3
XapaKTepHUM BHIUICHHSIM OCHOBHHX (PEryJsIpHHX) CKJIQJIOBUX aCHMIITO-
TUK 1 IPUMEKOBHX INONpPaBOK. BCTaHOBIEHO, 110 MOCTAaHOBKA 3amadi IS
3HAXOKEHHsI HyJIbOBOTO WICHA PETyJISIPHOI YaCTHHH aCHMITOTHK CIIiBIa-
Ja€ i3 KJIACHYHOIO ITOCTAHOBKOIO 33/1aui MOJEIIOBAHHA XapaKTEPUCTUK
p-i-n-mioniB, ska 3iHCHIOEThCS B HaOmMmkeHHI amOimossipaoi mudys3iil
(HaOMMKEHHST caMOY3TO/DKEHOT0 MOJI IUIa3MH). 3alpolloHOBaHAa MaTeMa-
THUYHA MOJeNb 1 MeTo il JliHeapu3alil JO3BOIAIOTh BUAUINTH Yy Tuy3iH-
HO-IpefioBoMy Ipoleci TOJIOBHI CKIAZOBi i JOCHimuTH iX ponb. Hampu-
KJ1aj, 3’SBISETHCS MOXJIMBICTh BHBYEHHS (y TOMY 4YMCII aHAJiTHYHUMH
METOJIaMH) TOBEIIHKH IIa3MH B 30HAaX p-i-, N-i-koHTakTiB. Pesynbratu
JOCTI/KEHHST CIPSIMOBaHI Ha PO3BHTOK METOMIB MPOEKTYBAHHS p-i-N-
IOTHHUX CTPYKTYP, SIKI BHKOPHUCTOBYIOTBCS, 30KpeMa, B SIKOCTI aKTHBHHUX
€JIEMEHTIB KOMYTaTOpPiB CHTHANIB HaJBHCOKOYACTOTHUX CHCTEM Iepenadi
iH(pOpMATIIT i BIATIOBITHUX 3aXUCHUX TPUCTPOSX.

KirouoBi ciioBa: memood 36ypens, cuneynspro 30ypeni 3a0aui, Memoo
npuMesco6020 wapy, ougysitino-opetihosuti npoyec, p-i-n-0iodu.
Otpumano: 23.10.2021
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DIGITAL CORRECTION FILTER IN PROBLEMS
OF RECOVERY OF INPUT SIGNALS AND OBSERVING
SYSTEMS’ DATA IN ENERGY OBJECTS

The task of signal recovery is one of the most important for auto-
mated diagnostics and control systems of an energy object. When solv-
ing the inverse problems of recovering signals, images and other types
of data, spectral distortions and losses occur (in some cases, very sig-
nificant ones). They are primarily stipulated due to ill-posedness of
these problems, which is the result of loss of information about the
original signal due to strong (and even complete) suppression in the
observed signal of a part of spectral components, which become indis-
tinguishable against the background of errors and noise [1]. Besides,
additional spectral distortions may occur in the process of solving re-
covery problems, which depend on specific methods used and their pa-
rameters. A method for building a digital correcting filter for pro-
cessing the results of solving incorrect inverse problems is proposed,
which effectively improves the quality of the solution. The method is
based on the use of a singular decomposition of the matrix (SVD) of a
system of algebraic equations that approximates the integral operator.

Key words: inverse problems, signal recovery, digital filter,
SVD decomposition, integral equations.

Formulation of the problem. Methods and means of recovered signals’
filtering correction and use of apriori information are intended to improve the
quality of the inverse problems’ solutions. It should be noted that there are
many efficient algorithms for solving inverse problems, the idea of which is to
use additional apriori information, for example, information about smooth-
ness, monotonicity, or convexity of the solution [2-4]. However, the problem
of ensuring the quality of obtained results remains relevant. Errors in the spec-
trum of the recovered signal naturally lead to its distortion and to a decrease in
the accuracy of recovery. One of the most significant points is that, in the
presence of fast change zones (jumps, peaks, etc.) in the original, truncation or
sharp limitation of the spectrum leads to appearance of oscillations (Gibbs
phenomenon) [5-7], which can have a very significant intensity and cover
large areas. Often, these oscillations introduce significant distortions into the
recovered signal, which mask important details of the recovered data and can
lead to appearance of artifacts. The existing methods of handling the undesira-
ble effects associated with the Gibbs phenomenon can themselves lead to ap-
pearance of additional distortions.

© Andriy Verlan, Jo Sterten, 2021 31
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Inverse problems in most cases resolve themself into solving the sys-
tems of linear equations. The most time-consuming and complex problems
arise precisely at this stage of solution.

Consider the classical inverse problem — the solution of the
Fredholm integral equation of the 1st kind:

b
[KO9)y()ds = (), M

where K(x,s), f(x) are the given functions, y(x) is the desired solution.
We split the segment (a,b) by a uniform grid {x}_, , with a pitch h, and
pass on to the system:

b

J'K(xi,s)y(s)ds: f(x), i=1n. 2)

a

Method description. To calculate integrals on the left side of the
system (2), we use the formula for trapezoids on a uniform grid {sj}rj”:l,

with a pitch h, . The performed operations make it possible to obtain the
matrix of the operator A, that approximates the integral operator in equa-
tion (1). Thus, the problem of solving the integral equation (1) resolves
itself into to solving a system of algebraic equations:
AY =F. (3)
where
h K (X ,sj), j=2,3,...,m-1,
Ai,j =1h ) i=1n,
?K(xi $), i=1m,
Fo=f(x) i=1n,Y; =y(s;), j=Lm
are values of the unknown function at nodes of the splitting.
To solve system (3), we use the SVD (singular) decomposition of a ma-
trix, which means that any matrix A of dimension nxm can be represented as:
A=U3zV', (4)
where U is the orthogonal nxn matrix, V is the orthogonal mxm ma-
trix, T is the diagonal nxm matrix with diagonal elements
0y20,2...20,20, p=min{n,m}. Schematically, such a decomposi-

tion can be represented as (Fig. 1).

UT

Al=| Ul | T

Fig. 1. Matrix decomposition structure
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Columns U (or V respectively) are called left (right) singular vec-
tors A, and o; — singular numbers. An important property of this de-

composition is the fact that rank(A)=r if and only if when

o >0,00y=...=0,=0.

In case o,,..,0, are very small in comparison with o,...,0,,
then for computational purposes it is assumed that the rank of the matrix A is
equal to r, and it is said that A has an effective rank r . Applying decompo-
sition (4) for system (3), we can obtain the solution sought in the form:

Y=V(m1:n*@:r,1:r)U" @:r, n)F, (5)
where £ is a diagonal matrix with diagonal elements 1/ ,,1/ o5, ...,1/ o, ,
orby replacing C = £*(1:r,1:r)U" (1:r, n)F we obtain:
Y =V Cra- )
It can be seen from relation (6) that we are looking for a solution to
equation (1) in the so-called SVD basis, the basis functions of which are
columns of a matrix V., with rates from column C.

Building a corrective filter. The next task is to build an optimal fil-
ter for suppressing Gibbs phenomena, which can be observed in places
where the sought-for function changes rapidly (jumps).

The idea behind filtering is as follows: for the signal decomposed on

the basis {¢, (x)}, ,

r
y(x) = ch% (X), )
k=1
we look for the so-called sigma factors o(r,k) and multiply them by cor-

responding rates c, , i. e.

r
y) =~ > o(r ke (x) 8)
k=1
suppressing high-frequency components of the signal in a way that improves
the signal shape, reducing oscillations caused by the Gibbs phenomenon.

The Lanczos filter and (a(r, k) = WJ the Fejer filter
T r
(o-(r, k)= ﬂ] , which are widely known, are used for the Fourier's series
r

[8]. To build a filter that is optimal for the SVD basis, let's consider a test case.
Let in equation (1) be as K(x,s)=e°*" a=-1b=2,n=100,
and the desired solution have the form:
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(x) = 0, x¢(0,1),
o=y, x € (0,1).

Having found the right side of equation (1), we will numerically re-
cover the original signal (using the Matlab environment software mod-
ules). The results of programs can be seen in Fig. 2-4.

1.2 T T T T

nETS : : |
06+ ‘ 3 :
04t : .

o2t : 4

02 1 1 I 1 1
-1 0.5 0 05 1 1.5 2

Fig. 2. Original signal (—), the signal recovered
using the Tikhonov regularization method (---)

1.2 T T T T

osf i ; .
osf : E -
0.4 ! : b

nzp : .

0z 1 1 I 1 1
-1 -0.5 i} 05 1 1.5 2

Fig. 3. Original signal (—), the signal recovered
using the SVD decomposition without filtering (---)
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12 T T T T T

06| J 4
061 i "-. i
04 ] i

02t : B -

02 1 1 1 1 1
-1 0.5 0 05 1 1.5 2

Fig. 4. Original signal (—), the signal recovered using
the SVD decomposition with Lanczos filter (---)

As can be seen from Fig. 4, the Lanczos filter enables suppressing the
Gibbs phenomena, but the shock front is recovered worse in this case, and it
also does not provide reliable information about the jump signal height. We
will look for a new filter in the form of the third degree linear function:

2 3
a(r,k):a0+a1[£j+a2 [Ej +ag4 [Ej . 9
r r r

Let's build the functional:
23

2
W) =3 (yox) - 7a(x)) +

= (10)
58 2 100 2
+3 (v -90) + 2 (v - 7.0
j=43 i=78

where y(x) is the original signal, §,(x) is the signal recovered using the
SVD decomposition and the applied filter, a ={a,, a,, a,, a5}-
To find ratios, a;,i= 0,3 we minimize the functionality (10), this

can be done using the fmincon function built into the Matlab environment.
The results were as follows:
a, ~0.990118; a, ~0.001268;

a, = —0.00329; a; ~0.000073.
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1

RN

08 r

07 r

0B

0sF

04r

03F

02F

01

o I I !
u] 5 10 158 20 ) 30

Fig. 5. Lanczos filter (---) and the filter built for the test problem (—)

As can be seen from Fig. 5, the filter formed, when compared with
the Lanczos one, has better suppressed the Gibbs oscillations, but at the
same time the jump front was restored less clearly. Applying the obtained
filter for a large number of other problems’ examples made it possible to
find out that the solution, as in the test example, successfully recovers the
original signal at a certain distance from the jump. This fact makes it pos-
sible, by finding the maximum derivative of the obtained solution (deter-
mining the place of the jump), to finish building the function in the inter-
vals close to the jump, approximating the function on well-recovered in-
tervals. The results of this operation can be seen in Fig. 6.

12

06+ ; B
0.4f .': ". 4

nzf 4

a2z L L L L L
-1 -0.5 o 0.5 1 1.5 2

Fig. 6. Original signal (—), the signal recovered by means
of the SVD decomposition using the built filter (---)
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In this case, the mean-root square error turned out to be 0.01316,
which is much less than the errors of the Tikhonov's method (0.972843)
and the singular value decomposition method with Lanczos filtering
(1.226638), which indicates the efficiency of the built algorithm for such
classes of problems. Figure 7 shows the result of solving the problem of
this type, which also confirms advantages of the considered method.

2 T T T T

05 1 1 1 1 1
-1 -0.5 0 05 1 1.5 2

Fig. 7. Original signal (—), recovered signal (---)

Conclusions. A method has been developed to improve the accuracy
and quality of recovering an energy object control system’ input signals
containing sharp jumps; which based on the use of optimized spectral fil-
tering and apriori information. In comparison with widely known methods
of filtering by Fejer and Lanczos, the proposed method makes it possible
to more accurately recover signals outside the jump zones, as well as to
extrapolate them within these zones.
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LM®OPOBUNA KOPEKTYIOUUU ®INbTP Y 3AAAYAX
BIAHOBJIEHHA BXIAHUX CUITHANIB | AAHUX CUCTEM
CNOCTEPEXEHHA EHEPTETUYHUX OB’EKTIB

3aBaaHHs BiHOBJIEHHS CUTHAIY € OJHHUM 3 HalBKIIMBILIMX JUIS aB-
TOMAaTHU30BaHHUX CHCTEM JIarHOCTHKU Ta KePyBaHHsS SHEPreTHYHUM 00'€K-
ToM. [Ipu BHpilIeHHI 3BOPOTHHUX 3aBIaHb BiTHOBJIECHHS CHI'HANIB, 300pa-
JKEHb Ta 1HIIMX BUAIB JAaHUX MAIOTh MICIE CIIEKTPalbHi CIOTBOPEHHS Ta
BTpatH (y ACSIKHMX BHIAAKaX JyXe 3Ha4Hi). BOoHM 3yMOBJIeHI Hacammepen
HEKOPEKTHICTIO LIMX 3aBJaHb, KA € Pe3yJbTaToM BTpar iHdopMarii mpo
BUXIJHUHA CUTHAJ BHACIIOK CHIBHOTO (I HABITh TOBHOTO) MPUIYIICHHS Y
CIIOCTEPEe)KYBAaHOMY CHTHAJl YacCTHHHU CIEKTPAJIbHHX KOMIIOHEHTIB, SKi
CTaIOTh HEPO3Pi3HIHUMHM Ha TJIi MOMHJIOK Ta 1ryMiB. Kpim Toro, y mpoeci
BUPIIICHHS 3aBJaHb BiJHOBJICHHS MOXYTb BUHUKATH JIOJATKOBI CIIEKTpa-
JIBHI CIIOTBOPEHHS, sIKi 3aeXaTh BiJl KOHKPETHUX METO[IB, IO 3aCTOCO-
BYIOTBCS, Ta IX MapaMeTpiB. 3alpONOHOBAHO METOA MOOYA0BH H(POBOTO
KOPUTYBAIBHOTO (QiTbTpa JJIsi OOPOOKH pe3yIbTaTiB pO3B'sI3aHHS HEKOPEK-
THUX OOCpHEHHX 33734, IO T03BOJISIE SPEKTHBHO ITiBHUIYBATH SKICTh pi-
nieHHs. MetoJ 3acHOBaHUWiT Ha 3acTocyBaHHI cuHTYyIspHOTO (SVD) po3k-
JaJJaHHs. MaTPUIl CHCTEMH PIBHSIHB anreOpw, IO alpOKCHMYE iHTErpajb-
HUH orepaTop.

KuwouoBi ciioBa: obepreni 3a60anus, 6i0HOGIEHHA CUSHANIB, YUPDPO-
suti ¢pinomp, SVD-posknadanns, inmeepanvHi pi6HAHHSL.

Otpumano: 8.10.2021
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HarmionanpHuit TeXHIYHUNA yHIBEpCUTET Y KpaiHu
«KuIBCHKMIA TTOMITEXHITHNH IHCTUTYT
imeni Irops Cikopcbkoro», M. Kuis

OOCNIAXEHHA E®QEKTUBHOIO
PIBHA LUBUAKOCTI NEPEMILLYBAHHA
B BIOPEAKTOPI

I3 po3BuTkOM iHmycTpiamizamii Ta 3pOCTaHHSAM HACEICHHS
MPOTATOM OCTAHHIX IECATHIITH MPHU3BENIH 10 €KOJOTIYHHX I0-
pywmens y crivaux Bogax (CB). YV craTti Oyio 3pobiieHo Kiacu-
(hikamiro Ta MOPiBHsUIIFHA XapaKTepUCTHKAa MeTOHiB ouncTku CB.
besneyna Ta ekOHOMIUHO eeKTHBHA 0iOJNOTiYHA OYMCTKA € BaX-
JUBUM THUTAHHAM, II0 HEOOXiIHO BPaxoOBYBaTH, OCOOIMBO IJIs
rajayseid, sKi TOBUHHI 3HaWTH ()IHAHCOBO NPUHHATHI METOAN
OUMIIECHHS, 1100 BIiAMOBIJATH MOMYCTHMHM pPIiBHSIM CKHAAHHS.
IMMOO6imi30BaHI MIKpOOpraHi3MHu Ha HOCISX MalOTh OUIBIINY CTil-
KICTh 0 TOKCHYHOCTI Ta HU3BKOTO BUXOJY MYJy. 3 HaTypaJbHO-
ro mMarepiainy iHepTHI HOCii He MOTPeOyIOTh CKIaIHOI eKCIepu-
MEHTaJbHOI MIATOTOBKM Ha OumbIn paHHiM craxii. TexHonoriro
iMMOO6ii30BaHOi MiKpoOHOI nerpaaanii BUKOPHCTOBYIOTH Iepe-
BaXHO 4epe3 ii BUCOKY IMiTbHICTH MIKpOOPTaHi3MiB, HU3bKUN BU-
X1 MyJy, GBI CTiHKi O TOKCHYHOCTI Ta Ge3nepepBHOI poOo-
Tu. JlociikeHHs nepeMilryBaHHs B GiopeakTopi i3 BUKOPUCTaH-
HSM MEepeMillyl0YuX MPUCTPOIB € CKIaJHUM 3aBIaHHAM dYepe3
npo0ieMy OTpHMaHHS TOYHOI iH(OpMAIi] NPO MBUAKICTH IOTO-
Ky Ta THCKY, BUKJIIMKaHOIO MIIIAJIKOIO.

MeTor0 JOCHTIKEHHS € BH3HAYCHHS €(QEKTHBHOTO piBHS
IIBUJKOCTI MEpeMilllyBaHHsS y BUIJIAl MPOMNeENepHOi TPhOXJIOmna-
TEBOI MIIIaJKA IJIsI MPOMUCIOBHX Oiora3zoBux peaktopis. [lpu
BUpILIEHH] IOCTaBJIEHUX 3aBJaHb 3aCTOCOBYBAINCH TEOPETHUHI
PO3paxyHKH LIBHIKOCTI MEpeMilllyBaHHS 3aBASKU TiApOJMHAMIY-
HOTO PO3paxyHKy. 3aBISKH BHUKOpHCTaHHSAM 3D MonemoBaHHS
nakery nporpamu SolidWorks mocmimkeno epekTHBHICTD piBHs
HIBUAKOCTI 00epTaHHS MIIIaJK{ 32 JOMOMOTOI0 PO3MOALTY BEK-
TOpIB MIBHIKOCTI MOTOKIB cyOcTpary. PiBeHb IIBUAKOCTI 3 4HC-
JoM 06epTiB 6,3 ¢! s GiopeakTopa 06’emom 10 M® moxazano
MOJICTIIOBAHHS, 1[0 BOHO € e()eKTHBHE. 3aBISIKH KOMI I0TCPHOMY
MOJICIIIOBAHHIO € MOJJIUBICTB JOCIHIIKYBaTH €(EKTHBHICTH Iie-

© 0. B. Bopo6iiosa, K. B. Kopuienko, M. B. llladapenxo, 2021
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peMminryBaHHsI CyOCTpaTy Ta IOINOMOITH IIpH MoJepHizauii ic-
HYIOYHX IPOMHCIIOBHX OYHCHUX CIIOpYI.

KonrouoBi cioBa: 6iopexmop, immobinizayis, inepmui Hocii,
3D mooenrosanns, SolidWorks.

Beryn. [lepen BubopoM MeToy OYMCTKH CTIYHHX BOJ, MOTPIOHO IO
YBard B3SATH CTYIiHb BUIY 3a0pyIHECHHS, 10 BU3HAYAETHCS Y BIAMIOBIIHO-
cti 3 «[IpaBriaMu 0XOpOHH HOBEPXHEBUX BOJ Bill 3a0pyIHEHHS CTIYHUMH
Bogamu» [locranoBoro KM N 748 (748-2013-m ) Bix 07.08.2013 [1] i po3-
PaxoBYy€EThCS:

3a KUTBKICTIO 3aBUCINX PEYOBHUH;

3a KUTBKICTIO PO3YMHEHOTO KUCHIO;

3a JIOITyCTUMOIO BEJIMIMHOIO 0i0JIOTIYHOI TOTPEOH B HHOMY;

3a TEeMIIEpaTyporo BOAOUMHUIIIA;

3a TPAHIYHO JOIMYCTHMOIO KOHIICHTPAIII€I0 IKIJTMBUX PECUOBHH;
3a 3MIHOKO aKTHBHOI peaKIlii BOJIH.

Takox 3a npaBunamu «IIpaBriaM OXOpOHH MOBEPXHEBUX BOJ Bil 3a-
OpynHeHHs cTiyHUME Bogami» (Ne 748 (748-2013-m) Bix 07.08.2013) [1].

BupoOHuui cTiyHI BOIY NPH CKUIAHHI iX Y BOJOBIABIIHY MEPEXY HE
TIOBUHHI:

e TEPEeBHIIYBATH BUTPATH CTIYHUX BOJ 1 BMICT 3aBHCIHUX, CIUIUBAIO-
YUX PEYOBHH, YCTAHOBJICHHX ISl KOHKPETHOT'O IIPOMHCIOBOTO M-
MIPUEMCTBA;

e mOpyuIyBaTH poOOTY MEpex i Cliopy/I;

® MICTUTH PEUOBHHH, SIKi 3/IaTHI 3aCMiuyBaTH TPYyOH BOAOBIIBIAHUX Me-
pex abo BIAKIAAATHCA Ha CTiHKaX TPyO (OKajuHa, BAIlHO, MICOK, TIIIC,
MeTaJieBa CTpY’)KKa, Ta iHIII);

e BHABIATH PYHHIBHY JAif0 Ha Marepial TpyO i eJIeMEHTH OYHCHUX CIO-
PyA;

® MICTUTH TOPIOYi JOMIIIKA i pO3UMHEHI Ta30MMO0Ii0HI PEYOBHHU, 31aTHI
YTBOPIOBAaTH BHOYXOHEOE3NeuH1 CyMilli y BOAOBIJIBIAHUX Mepexax i
OYHCHUX CIOPYAAX;

® MICTUTH LIKiUIMBI PEYOBHHU B KOHILIEHTPALSX, IO MEPEIIKOKAIOTh

6iooriuHomy ounineHHo CB abo ckumanHio iX y BoAoiiMy (3 ypaxy-

BaHHSM €(DEKTHBHOCTI OUHMILIECHH);

MaTH Temneparypy suiie 40°C;

Matu pH 3a mexxamu 6,5-9;

MicTHTH HeOe3MedHi OaKkTepiaabHi 3a0pyAHIOI0Yl PEIOBUHI;

maru XIIK, mo nepeBuiye BIIK o OL1bmr HIX y 1,5 pazu.

CTiyHi BOIM, SIKi HE 3aJ0BOJLHSIOTH 3a3HAYE€HUM BHMOTaM, IOBHHHI
MiAIATaTH OYHIICHHIO 332 TAKIMHA MeToaaMu (puc. 1).
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MeToaH 0MHIeHHA
CTIYHHX BOX
(0CB)

— Ximi MeTo
Disnro-ximiani -
QnoTaria |
METOIH
Bionoriusi ginsrpu
[Iyuni ymMoBH
AEpoTEHKH
— Bioaoriunl MeToan
Mpupoani ymosn ||  TMona dinstpauii |
— M iani MeToIH

Puc. 1. Knacugixayis memoois ouuwennss CB

VY koxHOTO 13 MeToaiB ouncTku CB € cBoi mepeBaru Ta HEIOMIKH SIKi
MOXHa IIPEJCTABUTH Y MOPiBHUIbHIN Tabmmi 1.

Tabmuns 1

Topisnsibna xapakmepucmuxa memoodig ouucmru CB [2-6]

Ne Metoau

XapakTepucTHKA MepeBar Ta Hel0iKiB

1 |Mexaniunnii

OunmeHHs Mo)xHa Bunanuty i3 CB HepozunHeHi MiHepanbHi
Ta OpraHivyHi CIIOIYKH, CyTTEBO 3HU3UBIIH X KOHIIEHTPALIIIO
(3aJ1€KHO BiJl BUIY CTOKIB BJA€ThCS «3aTpuMaTn» 65-95%
HEPO3UMHHUX 3a0py/JHEHb). MeXaHiuHi METOJM OUHILEHHS
CB: ¢inpTpanis, BiACTOIOBaHHS, T1APOUUKIOHYBAaHHS TOIIO.
Henomniky Takux miaxoaiB — ciaOKWil BIUIMB Ha BIAXUICHHS
MIOKA3HHKIB SIKOCTI BOAY, SIKi BUKJIMKaHI pO3YMHHUMH 3a0py-
JHIOBauaMH (KoperyBaHHs pH, 3MiHa cOIB0BOTO CKIIaLy) Ta
HAsBHICTh €JICMCHTIB, SIKi 3a0UBAKOTHCS 1 MOTPEOYIOTH BiJHO-
BJICHHS BJIacTHBOCTEH ((DiIbTpH)
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MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

IIponoBxkenHs Tabui 1

IHaTeHcuBHImI Ta eeKTUBHIIIE, HiXK MEXaHIYHi, i BAKOpHUC-
TOBYIOTBCS ISl BUJAJICHHS TOHKOAUCHEPCHUX, PO3YNHEHUX
HEeOpraHiyHMX 1 opraHiyHuX pedoBuH. Hai6inpmn nommpeni
cydacHi MeToxu ountieHHs1 CB, 1o BirHOCATBCS 10 HaHOT
®dizuko- KaTeropii: eIeKTPOKOATyYJIALLs, SICKTPOIIi3, OKUCICHH, (0~
XiMIYHUN KyJIAIis], iIOHOOOMIHHHN METOJI, KOATryJIAIlis, COPOILis.
Bucoka eekTUBHICTE — Oe3mnepedHy nepesary ¢isnko-
ximMiyHHX MeToxiB. IIpoTe y Takux miIxoaiB iCHYIOTb 1 HEZO-
JIKWU: HAIPUKIIAJ, BEJUKI €HEPrOBUTPATH (€JIIEKTPOIIi3), BU-
COKa BapTicTh ((IoKyIsis, copOist) TOmIO.
CyTts xiMiuaux MetofiB: y CB momatoTbcs pearenTH, ski
BCTYMNAIOTh Y PEaKIio 3 Pi3HUMH BHIaMH 3a0pyAHEHb YTBO-
PIOIOUH OCal.
3 |XimiuHuii J1o HeOIMIKIB TAKOT'O OYHUIIICHHS MOXHA BiTHECTH: BUCOKA
BapTICTh PEAareHTiB, NOTIPIICHHS SKOCTI OUUIIEHOT BOAU
(BTOpUHHE 320pyAHEHHS) T2 HAKOTIMYCHHS HEOE3MeUHIX
MIPOAYKTIB peakiil 3a0pyIHIOBaUiB Ta pearcHTiB
[Ipn BukopucTanHi 6i0IOTiTHOTO METOY BiOyBa€eThCs 3a
paxyHOK GaxTepiii, 0 31ifiCHIOIOT 6i0JIOriYHE OKUCICHHSI.
Xo4a Taki MeToH € e(eKTUBHUM /I BUJAJICHHS OpraHiy-
HHX 3a0py/IHIOBaYiB, O/THAK, JUISl MiJABUILICHHS iX IHTEHCUB-
HOCTI TOTPiOH1 3HaYHI €HEPro3aTpaTH MPHU BIAHOCHO HHU3b-
KOMY BIUTMBOBI Ha HEOpPTraHi4HiI 3a0pyAHIOBAYI.
4 |Bionoriunmit  |IIpoTe #oro nepeBaru nepeBHILYIOTh HEONIKH, a came:
e MOXIHUBICTH BuasneHHs 31 CB mmpoxoro crektpa opra-
HIYHUX 3a0pyIHCHD;
®  CaMOIIUIAIITyBaHHs CUCTEMH 10 3MiHU CIIEKTPY 1 KOH-
LEHTpaliil opraHiyHuX 3a0pyAHEHD;
HPOCTOTA aNapaTypHOro 0(hOPMIICHHS;
®  BiJIHOCHO HEBUCOKI €KCILTyaTallil{Hi BUTPATH

BpaxoByroun HOpIBHSUIBHY XapaKTEpPUCTHKY OiJIbII JETAIBHO PO3T-
nsiHeMo OiosoriuHuid Metoj; ounctku CB. IepeBaramu GionoriyHoro me-
TOJly OUYMIICHHS €:

e TIOBHE acpoOHEe OiosoriyHe OYMIICHHS MOOYTOBHX 1 IPOMHCIIOBHX
CTOKIB, MPH BUKOHAHHI BCIX TEXHOJIOTTYHMX BUMOT, 3/1aTHA 3a0e3Meyn-
TH BUJaJIeHHs 0113bK0 90 BiZICOTKIB OpraHiyHUX 3a0pyTHEHB, 10 Mic-
TATHCS Y BOJI.

e 0iodinbTpH HE BTpauaroTh e()EKTHBHICTH NPY IiIBUIICHHI KOHIIEHTpa-
il 3a0pyAHIOIOYHUX PEUYOBHH Y PIAMHH, KPIM TOTO, BTpAyae aKTyajb-
HICTh MMMTAHHS YTUIi3allii 3aiBOT KIIKOCTI aKTHUBHOT'O MYJTY.

e y pa3i aHaepoOHOrO OYMIIEHHS — 3MEHIICHHS BHUTpPAT Ha YCTaTKy-
BaHHS i CYIYTHIX €KCIUTyaTaIlifHUX BUTPAT, TaK K HE MOTpiOHA mTy-
YHa aeparttis Boau [7, 8].
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AHani3 ocTaHHix AocaixkeHb. biopeakTopu MOXYyTh MPaIIOBaTH B
MEPIOANIHOMY DPEXHMi, NEepiOJUIHOMY PEXHMi 3 JOIMBOM CyOCTpaTy,
HariBIEepioJUYHOMY Ta Oe3MepEepBHOMY ITPOTOUYHOMY PEKUMAX.

Tunu peakmopid
| . i
3 3baxeHUMY 3 gricobarumy 3 pYXOMUMY
YOCMUHKOMY YOCMUHKOMY nobepxuamy
—VPeaxmap 3 miwaso _{Peakmap 3 yuinshe-| | Odepmobi m OOEpXH]
W wapom Buck yu yumndp)
; s Morionimuud
L AepagmAud peakimo) -
PP eI peakmop
1 Peaxmap 3 KOAOHOD || Peaxmap i3
300u1yBaHuM
HEDYXOMUM WEDOH
| |Peaxmap 3 ncebio- [Peakmop 3 mbepdon
30I0NEHUM WOPOM — |\kyemypo
|| Memdparuni
peaxmag

Puc. 2. Tunu pexmopie [9]

TexHonorist iMMOO11i30BaHOT MIKpOOHOT Aerpazanii BAKOPUCTOBY-
I0Th MEPEeBAXHO uepe3 11 BUCOKY IIUIbHICTh MIKpOOPIaHi3MiB, HU3bKH I
BHXIZ MyJy, OUTBII CTIHKI O TOKCHYHOCTI Ta Oe3mepepBHOI POOOTH.
3aBnsky IMMOOITi3anil Mikpooprani3aMu (iKCyIOTbCs Ha HOCIT IS MiAT-
PUMKH BHCOKOI HIUIBHOCTI Ta Oi0JIOTIYHO aKTUBHOI (YHKIII, a TaKOX
a0bcopOyI0YKCh Ta PO3KIIAIAI0YH OPraHiYHI PEYOBHHHU CIIOJIYKH Y BOJI 3a
BinmoBigauX yMoB [10]. TexHOMOTISI iIMMOO1ITI30BaHOT MiKpOOHOT Jterpa-
Jamii TakoXk Mae repeBaru y 30epexeHHi JOMIHYIoUNX OakTepiil 3 BUCO-
KO0 €(PEKTHUBHICTIO 00pOOKH, BEIMKOIO KUIBKICTIO Oi0MacH, CTabiIbHOO
po0OTOI0, JETKUM PO3MUICHHSAM TBEPAHX PEUOBHH 1 PIIWHHU, HU3BKOIO
IiHOO TOIIO, III0 MAa€ BEITUKE 3HAYCHHS JIJISI TOCIIHKCHHS TP OYHIIEHHI
opraniunux CB.

OcHoBHI BUIM 6i0peakTopiB 3 iIMMOO1Ti30BaHUMH KIIITHHAMU (pHC. 3).

43



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

Biopexropn 3 pyxoMuM mapom iMMoGinizoBaHnx KIiTHH

)

hmoﬁlm:w'm baioSisosas
xainme
Tlepiogu4noi aii IMpoTournii 3 nepeMinryBaHHIM

BiopexTopu 3 HepyXoMuM LAPoM iMMOBLTI30BAHKX KIITHH

]

3 HEpyXOMHM IapoM
(IpoToYHHiT)
Pizxa dasa

Cepis peakTopis i3 HepyXOMHM IIApOM

1ilap
iMmofinisoBamm
ROITHE

T'opH3oHTANBEHHMIT i3 CexuilHmi 3 HEPYXOMHM

Tloxummaii
HEPYXOMHM LIAPOM LIApOM

BiopexTopu 3 3Ba:eHHM mApoM iMMoOGinizoBaHHX KIITHH

8
IIpoTouHuii i3 3BaXKEHAM IIAPOM CekuiHHEi NpOTOYHUH i3 3BAKEHAM IIapOM
Puc. 3. Tunu 6iopexmopie 3 iIMMODINI308aHUMU KAIMUHAMU
Xo4a 1y1st KOKHOTO METOTy iIMMOOLITI3allii KITITHH € BEJMKHI BUOIp Pi3HHX
THITB PEaKTOpIB, VISl ONTHMAIBHOI MPOAYKTUBHOCTI HEOOXIHO PETENHLHOrO
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y3rOJMTH Crocid iMmMoOLTi3ali Ta koHpiryparii 6Giopeakropa. Takox noTpioHO
Y3rOJUTH KOHCTPYKIIIFO arperaTy KIITHH Ta BUOIp yMOB B 0i0peakTopi.

Jns ineanbHOT TeXHOJIOTIT IMMOOLTI30BaHUX MIKPOOpPraHi3MiB BHOIp
IMMOO1TI30BaHOTO HOCISI € HAaWBaKIUBIIIAM OCOOJHUBO ISl CTBOPEHHS
BUCOKOE(EKTHBHOIO IMMOOLUII30BAHOTO peakTopa Ta BUCOKOE(EKTUBHHX
Ta IHTEHCHUBHHX 1 CTIHKMX MIiKpoOpraHizMiB. BaknuBo 3HaiiTH iMMOOiIi-
30BaHi HOCIi 31 cTaOUIFHOIO MPOIXYKTUBHICTIO, XOPOLIMM Macolepeaayero,
BHCOKOIO IHTEHCHBHICTIO, TPHBAJIUM TEPMIiHOM CIIy>)KOM Ta HH3BKOIO IIi-
Hoto [11]. Jlo mommpeHnX HOCIiB s iMMOOLTi3aIil Halle)kaTh HATypaIbHI
MaTepialny Ta CHHTe30BaHI MaTepiand. be3cyMHIBHO, o mepmuii Mae me-
peBaru HIDKYOI BapTOCTi, JISTKO OTPUMATH Ta HE MOTpeOye CKIAIHOI eKc-
MepUMEHTAIBHOI MiATOTOBKY Ha ORI paHHIN CTafil, 0 MOXke OyTH IIH-
POKO BUKOPHCTAaHO y BUPOOHUITBI [12].

JocinipkeHHs nepeMinryBaHHs B 010peakTopi i3 BUKOPUCTAHHSM Iie-
PEMINIYIOUUX MPUCTPOIB € CKIIQJHUM 3aBJAHHSIM 4Yepe3 MpoljeMy OTpH-
MaHH$ TOYHOI iH(opMaLlil PO MBHUIKICTh MOTOKY Ta TUCKY, BUKINKAHOIO
MiIraakor. MeTor poboTH € JocTimKeHHs €(pEeKTUBHOTO PiBHS IIBUIKOC-
Ti MepeMilllyBaHHS 3aBJSKU INPOIETIEPHOI TPHOXJIONATEBOI MIIAKU JUIS
IPOMHCIIOBUX Gi0J0TTYHUX peakTopis 06’emom 10 M3,

Martepian Ta pe3yJabTaTH JocaixkeHHs. s OUtbin e(eKTHBHOIO
nepeMilryBaHHs B OiopeakTopax 3 iMMOO1TIBOBAHUMH Ha IHEPTHUX HOCISAX
MIKpooprauiamis Oyna mociimkena B nporpami SolidWorks npomenepaa
TphOXJIONaTeBa Mimainka po3mipom 0,6 m [14, ¢. 718-725], uro 3abe3neuye
0CBOBI MOTOKH (pHC. 4).

Puc. 4. Koncmpyryis miwanxu ¢ npoepami SolidWorks
IMepen npoBeneHusm 3D MojentoBaHHs y mporpami HEOOXiIHO 3po-
OuTH riIpoAnHaMiYHuI po3paxyHok. [Ipoiec yTBopeHHs 6iorasy BinOyBa-
€TBCS B CycIeH3ii CTiYHOT BOAM 1 iHepTHOTO HOCis 3 Giomacor. Criouatky
pospaxyemo kpurepii Apximena [13]:
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Ar = 94y pu=pe ;
e A
Je d, — JiaMeTp YAaCTMHKM iHEPTHOTO Hocis 3 0ioMacoro;
v, :0,705~10’6 M2/c — KoedirieHT kiHemaTHuHoi B’si3kocti CB mpu
temneparypi 37° C. p, — TyCTHHA YaCTHHKM iHEPTHOIo Hocis 3 6ioMa-

coto; p, =993,2 xr/ m® — rycruna CB npu temneparypi 37 °C.
YMmoBa yTBopeHHS cycrensii [13]:

2 0,5
S = nOde = 6.6Ar dH R
/J d.M d,\l
Je N, — PpO3paxyHKOBE YMCIIO OOEpTiB MNEPEMIllyl04oro MPHCTPOIO;
d, — AiaMeTp IepeMillyroyoro mpucrpotwo; D — BHyTpimHii niamerp
OiopeakTopa; o — TYCTHHA CyCIeH3ii; 4 — KOe(illieHT IMHAMIYHOT

B’SI3KOCTI CycHeH3ii

Toni 3HaxomMMO pO3paxyHKOBE YHCIO OO0EPTIB IEpEeMillyl0dyoro
HIPHUCTPOIO:
Su
dyp

IpuiiMacMo cTaHAapTHE 9UCIO 06epTiB (6,3 ¢ 1) mporeIepHoi MillIaIKu
Ta poBoarMO Komit'totepHe 3D monemoBanus B SolidWorks. 3agaemo ma-
pameTpu 00epTy TPHJIONATEBOi MIllIAJIKM, HAMPSIMOK PyXy Jomareld Ta 00-
JIaCTh B sAKiH Oy/ie MPOBOAUTHICH PO3PaXyHOK MepeMilllyBaHHs BOIH (pHcC. 5).

N, =

Puc. 5. Buznauena obnacme MoOenosanms
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3ajaBuiy nmapamMerpy Ta HIBHIKICTh MIMIAIKH, TPOBOIMMO MOJEIIO-

BaHHsI IIBHJKOCTI THCKY cycrieHsii (puc. 6) Ta TpaexTopii NOTOKY CyCIieH-
3ii (puc. 7-8).

l 6134
am

Cxopocs (Z) frvs]
[O6aRsHAR CHETEMS KOOPAVHAT

KapTa & Ceuerm | 3anmpca
KapTa & Ceuerm 2. 3ammeca
Kaprua & ceven 3 3amesca

Kapruma 6 Cever | 3amexs
TpaexTopu NOTOKa | ex:

Kaprima & cevenn 2 3amexs
Kaprina & Ceuenm 3 3amuoxs
Tpaextopist noToka |

Puc. 6. Ilepepiz weudxocmi mucKky cycneHsii ma HanpsAMoK YACMUHOK (U0
cnepedy)

6134 6134
5452 5452
am am
4089
3408 ;Sg:
2727 2727
2045 5
1364 2045
t 0882 r 1364
+ 0682
8 24de-04

} 824de.04
h -0681
-1362
Cropocrs (2) (mvs)
TNOBANSHAR CHETEMD KOOPAWHAT

i -0681
-1.362
CropocTs (2) [m/s]

TnoBansHan CHCTEMS KOOPANHAT
KapTiwa 8 ceveram 1. 3anuexs
Kaprvna 8 cevenmm 2 3anuexs

Kapra 6 ceverm 3. sanvexa
TpaexTopuw NOTOKa 1

KapTwra 8 cevenim | 3anuexa
Kaprweia & cevenim 2 3anuexa
Kaprwa 8 Cevenim 3 3amuexa
TpaexTopum notoxa |

Puc. 7. Ilepepiz wsuoxocmi mucky cycneH3ii ma Hanpsamox 4acmuHoK

Puc. 8. Tpackmopis nomoky
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3aBASKM KOMII'IOTEPHOMY MOJETIOBAaHHIO B TIaKeTi IPOTrpaMu
SolidWorks moskHa CTBepKyBaTH, MIO 3MOJCIHFOBAHA MIBHUAKICTH IMEpe-
MIIIIYBaHHSI € TOCTaTHHOIO B MPOMHUCIIOBUX 0i0peakTopiBax 3aBISKH MPO-
MEJIEPHOT TPHOXJIOMATEBOT MIIIIAIKH.

BucnoBkn. ChopmoBaHo kiacu}ikallito Ta HOpiBHIEHY XapaKTepHc-
THUKY METOJIIB OYHCTKH CTi9HOi Bomu. bionoriuHa oumcTka Boau € Oe3med-
HOIO Ta €KOHOMIYHO eeKTHBHOI0. MiKkpoopraHi3Mu, IO 3aKpillIeH] Ha iHe-
PTHHX HOCISIX MarOTh OUTBINY CTIHKICTH O TOKCHYHHUX PEYOBHH, TOMY BH-
KOPHCTaHHS iX € MEepCIeKTUBHIM B OYHMCHUX criopynax. [lepemimnyBaHHs B
GiopeakTopi i3 BHKOPHUCTAHHAM IMEPEMINITYIOUHX IIPHCTPOIB € CKIIaJHUM
3aBOAHHSAM dYepe3 MmpobieMy OTpHUMaHHS TOYHOI iH(pOpMAIIi Mpo TpaeKTo-
pifo pyXy HOTOKY, TUCKY CYCIIEH3ii, 4epe3 IMIBUJKICTh MEepeMilllyBaHHs Ta
HaIpsIMOK 1HEPTHHUX YaCTHHOK, 1100 BOHM HE OCIiJaly Ha JTHI peakTopa. 3a-
MPOMOHOBAHO METOIUKY JOCII/DKEHHS e()eKTHBHOCTI PIBHS HIBUAKOCTI Te-
peMinryBaHHs B 0iopeakTopi 3aB/IsSKH IPOIEIepHOT TPHOXIIONATEBOI Mila-
KW, sIKa MO>Ke OyTH 3aCTOCOBaHA JIJIsl MOJISpHi3allii KOHCTPYKIIIi Ta mepeBip-
KU TIepeMilIyBaHHsI CyOCTpaTy B MOBHOMY 00’eMi peakrtopa. [lepen mone-
JIFOBaHHSAM OYJIO MPOBENCHO TEOPETHYHI PO3PAXyHKH IIBHAKOCTI 00SpTaHHS
TIEPEMIIIYIOU0ro MPUCTPOI0, BPAXOBYIOYH YMOBY YTBOPEHHs cycreH3il. B
pesymnbrari 3D momemoBanHs B SolidWorks Oyno orpmmano TpaexTopii
MOTOKY, IIBUKOCTI, TUCKY CYCIICH3I Ta HAIPSIMOK YAaCTHHOK.
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STUDY OF THE EFFECTIVE LEVEL
OF STIRRING SPEED IN A BIOREACTOR

With the development of industrialization and population growth in re-
cent decades have led to environmental disruptions in wastewater. The
classification and comparative characteristics of wastewater treatment
methods were made in the article. Safe and cost-effective biological treat-
ment is an important issue to consider, especially for industries that need to
find cost-effective treatment methods to meet acceptable discharge levels.
Immobilized microorganisms on carriers have greater resistance to toxicity
and low sludge yield. Made of natural material, inert carriers do not require
complex experimental preparation at an earlier stage. The technology of
immobilized microbial degradation is used mainly due to its high density
of microorganisms, low sludge yield, more resistant to toxicity and contin-
uous operation. The study of mixing in a bioreactor using mixing devices
is a difficult task due to the problem of obtaining accurate information
about the flow rate and pressure caused by the stirrer.

The aim of the study is to determine the effective level of mixing speed
in the form of a three-bladed propeller stirrer for industrial biogas reactors.
Theoretical calculations of the mixing speed due to hydrodynamic calcula-
tion were used in solving the tasks. Using 3D modeling of the SolidWorks
package, the efficiency of the stirrer speed level was investigated by dis-
tributing the velocity vectors of the substrate flows. The speed level with a
speed of 6.3 s for a bioreactor with a volume of 10 m? showed that the
simulation is effective. Computer simulations make it possible to investi-
gate the mixing efficiency of the substrate and to help with the moderniza-
tion of existing industrial treatment plants.

Key words: biorector, immobilization, inert carriers, 3D modeling,
SolidWorks.
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METOAMN PEAJ1I3AL|I'[ BAFATOKPUTEPIAINTIbHUX
BISBHEC-MOAENEN MYJNIbTUMOOAJIbHUX
TPAHCNOPTHMX NIANPUEMCTB

B ymoBax rmo6armizatii CBITOBOi €KOHOMIKH BCe OLIBII TOCTPO
mnocrae mpodiaeMa SKiCHOTO TPaHCIIOPTHOTO 3a0e3MeYeHHs HiAnpu-
€MHUILBKOI AisUTbHOCTI. B mepury uepry 1ie akTyanbHO JUIsl BETUKUX
Oi3HEC-CTPYKTYp, TpAHCHAIIOHATBHUX KOPIOpaIiii Ta 1HIIAX
cy0’€KTiB rOCIOAAPIOBAHHS HAI[IOHAIBHOTO Ta MDKHAPOIHOTO Ma-
cmrady. [Ipu mboMy mpoilec peaizaiii JOTICTHYHHX MEPEBE3CHb
000B’s13K0BO NepenbdadaTiMe BUKOPUCTaHHS 0araTb0X BHIIB TPaH-
criopty. Oco0uBHi HayKOBO-TIPAaKTUYHUI IHTEpEC B LIbOMY KOH-
TEKCTi MPEJCTABISIOTh MyJIBTHMOAANBHI TPAHCIIOPTHI MepeBe3eH-
Hs, — TOOTO, TaKi MEpPEBE3CHHs, sKi MepeadadaroTh OJHOYACHE
(maparnenpHe) BUKOPUCTAHHS KITBKOX 3aCO01B JOCTaBKH BAaHTAXKIB.

Kpim Toro, B JocnimKeHH] BEIUKY yBary NpHIijIeHO KPUTEPisiM
onTuMi3anii MyJbTUMOJAIFHAX TPAHCIHOPTHUX IEepPEeBE3eHb — IIe,
B CBOIO 4Yepry, Jae 3MOry c(OpMyJIFOBATH AOCHIKYBaHy 3amady
(Mozenp) sk GaraToKpHUTEpialbHy 3a4ady onTuMizamii. Po3risHyTo
PsI BiTOMHX METOJIB peastizamii Takoi 3a7adi Ta OKPEeCIeHO OCHO-
BHi 0co0iuBoOCTI X 3acTocyBaHHsS. TakoX PO3KPUTO MUTAHHS BHU-
KOPUCTaHHS CHeLiaIbHUX MPOrPaMHUX 3aco0iB I peanizarii Ha-
BeJleHol Oi3Hec-Mo/ieli.

[pu mocTaHOBLI 3a/a4i JOCIIHKeHHS Oi3HEC-MOJEIb CKOHCTPY-
HoBaHa MaKCUMAJIBHO YHIBEPCAJIbHO — TAKUM YHHOM, 1100 pe3yJIbTa-
TH JIOCIII/DKEHb MOXKHA OyJIO MOLIMPUTH HA YBECh KJIAC aHAIOTIYHUX
Moyiesel 6e3 BHECEHHST CYTTEBUX 3MiH B &ITOPUTM IX peastizamii.

Tomy 00’€KTOM DaHOTO JOCTIIKEHHS € Oi3HEC-MOAENb MyJBbTH-
MOJIAJTBHOTO TPAHCIIOPTHOTO MiANMPUEMCTBA, a TIPEAMETOM — METOIH
peauizartii Takoi Mozerni. MeTa TOCITiKeHHS TOoJIsrae y BUBYCHHI pi3-
HOMaHITHHX MiIXOIB 10 PO3B’A3aHHA 3324 OaraTOKpUTEPiaIbHOI OIT-
TUMi3alil Ta aHami3i ocobnMBOCTell iX 3acTocyBaHHS IO peaizarii
TIPUKJIAJHIX MOJIeJIel TPpaHCHIOPTHOI JIOTICTHKH. B poOoTi BU3HA4YeHO
HaHOLIBII ONTUMATIEHUI 3 3aTPOIIOHOBAHMX METOIB Ta HaBEICHO Ho-
IO AITOPUTM JUIS PO3B’SI3aHHS JIBOKPHTEPIAbHOT MyJIBTHMOAAIBHOT
TpaHcnoptHoi 3agayi. [l geMoHcTpanii poOOTH alropUTMy BUKOPH-
CTaHO SIK PeabHi, TaK i MOJICIBHI JJaHi.

KirouoBi cioBa: 6iznec-moodens, MyrbmumMoOarbHa mpaHcno-
pmua 3a0aya, 6a2amoKpumepiaibHa ONMUMi3ayis, Mpancnopmmue
nionpuemMcmeo.
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Beryn. OcranHiM 9acoM K B TEOPETUYHIN HayIli, Tak i y rocmomaap-
CBKilf IPAKTHUII AOBOJIi MOITYISIPHUM METOIOM JOCIIIKEHHS CTaB MPOIIec-
HHUH MiXi1, SIKKHA 1oJsirae y CTBOPEHHI 1 aHanizi 0i3Hec-mozeni Ta Oi3Hec-
MPOLIECIB TOTO YH IHIIOTO MiANPUEMCTBA 3 METOIO IiJIBUICHHS e()EKTHB-
HoCTi #fioro pobotu [1]. Takuit miaxig 0COOIUBO MOMIMPEHHUI B TOPTiBEIb-
Hiif [2], a TakoXk TpaHCTIOPTHIH ramy3sx. CTOCOBHO OCTAHHBOI MOYKHA TO-
BOPHUTH NP0 HASBHICTH JOCTIKeHb B cepax aBToTpancnopty [3], cyaHo-
riaBcTBa [4] Ta aBiaii [5].

Brim, BITHOCHO TpaHCHOPTY OLTBII MIKABUMH € HacaMIepe KOMILTEKC-
Hi TOCIIDKEHHS MIATIPHUEMCTB i€l Tamy3i. 30KpeMa, TaKuX Cy0’€KTiB TOCHO-
JTAPCHKOI MISTTBHOCTI, SIKi B CBOiHl POOOTI OCTYTOBYIOThCS KUTPKOMa BHIAMU
TPaHCIOPTY, — a00 MyJIETUMOAAIBHNX TPAHCIIOPTHHX ITiIIIPUEMCTB.

[puxiag 6i3HEC-MOAETi MYJIBTHUMOIANGHOTO TPAHCIIOPTHOTO IiAI-
pueMcTBa HaBeneHo B [6]. JlaHa Momens mepeabadae HasBHICTH TPHOX
3ac00iB JI0CTaBKHM BaHTaXIB — aBTOMOOLIBHOTO, 3aJlI3HUYHOTO Ta PivuKO-
BOTO (BHYTDIIIIHBOIO BOAHOTO). B OCHOBI Takoi 0i3HEC-MOICIN JICKHUTH
MYJIBTUMO/IAJIbHA TPAHCIIOPTHA 3a]a4a, SKa IMOJIsIrac y BU3HAYeHHI ONTH-
MaJIbHOTO TUIaHy MYJBTHMOJAIBHHUX IepEeBe3eHb BaHTAXIB 3 MYHKTIB Bij-
NPaBKU /10 IyHKTIB JOCTaBKU. [ 0JOBHOIO OCOONMBICTIO 3a/1adi € HasB-
HIiCTh B ii MOCTaHOBII KUIBKOX HITbOBMX (YHKIIH MiHIMi3awii (cobiBapTo-
CTI Ta PU3UKY IepeBe3eHb). T00To, JaHa MyJIbTHMOJAJIbHA TPAHCIIOPTHA
3aJja4a BITHOCHUTHCS JI0 OaraTOKpUTEpiabHAUX 3a/1a4 OITHMI3aIlil.

Anroput™Mu TIOOYZOBM OMOPHHX IDIAHIB TAaKOi 3a7adi 3a KOXKHUM 3
KpUTEpiiB onTuMizarii € Bimomumu [6-8] i B Mekax MaHOTO JOCIIIKEHHS
OKpeMo oOroBoproBatucsi He OyayTh. JloCTaTHRO MPUIYCTHTH, IO TaKi
ONTHMAJIbHI OMOPHI TUIAHW OTPUMAHO JJIsl KOKHOT HiNboBOT PyHKIIT, — i
3aJIMIIAETHCS PO3B’SA3aTH caMe 3a/1ady 0araTOKpHTEpialbHOI ONTHMI3allii.
PesynbraTom peanizarii Takoi 3aiaui Oy/e OMOPHHIA INIaH TPAHCIOPTHUX
NepeBe3eHb, ONTHMAIBHIN JIUIS BCIX ONTHMI3aliiHUX KPUTEPIiB.

[Ilono BHOOPY KOHKPETHOI'O METO/AY OaraTOKpUTEpialbHOI ONTHUMI-
3arii, To B AociiKkeHHi [6] OyJ10 3anponoHOBaHO BUKOPUCTATH JJISI peajti-
3amii gaHoi 3amadi MeTon 3BakeHHMX cyM. IIpore, BapTo 3a3HauuTH, IO
noziOHi mMeroau (Ti, sIKI BUKOPHCTOBYIOTH 3TOPTKY LITBOBHX (DYHKIIIH)
YacTo MiJIAr0ThCs KpuTHIl [9], a TOMY TIPOBITHEM METOIOM HaHOTO JOC-
T KEHHST 00paHo METOJ TTOCiI0BHUX ocTyToK [10].

[IporpamumMy 3acobamu peaizaliii JOCTiKyBaHOI Oi3HeC-MOAENI MO-
KyTh OyTH Taki BiZomi mpuKiamHi maremarnudi maketn sk MS Excel,
Mathcad Ta Matlab [8]. Kpim Toro, nesiki BueHi MPOHOHYIOTh BUKOPUCTOBYBa-
TH MeXaHi3M Web-cepBiciB, B TOMy 4ncIIi i BiacHoi po3poOku [11, 12].

MocTranoBka 3amavi. OCKUIBKYM 3a7a4a YMOBHOI ONTHMI3aIlil MOXKeE
OyTH 3BeneHa 10 3amadi 0e3yMOBHOI ONTHMI3allii, TO B IIOCTAHOBII JaHOI
3amavi He OyJe BpaxOBYBATHCS MHOXKHHA oOMexeHb. Kpurepismu onTu-
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Mi3amii 3agadi BU3HA4YeHO IIiTbOBI (yHKIII MiHIMi3amii cobiBapTocTi Ta
pH3HKY MyJIBTI/IMO,Z[aJIBHI/IX TpaHCHOpTHI/IX nepeBe3eHL:

S= a”x +Zbuy”+Zc”z — min,
i,j=1 i,j=1 i,j=1
@
m,n m,n
R = fiy % + Z 9 Vi + z h;z;; — min,
i,j=1 i,j=1 i,j=1
ge i=1n,j=1m — N OyHKTIB BiANpaBKA Ta M IYHKTIB JIOCTaBKH;
Xij» Yij» Zij — KUIbKICTb OJIMHHIIb TOBApY, WO TEPEBO3UTCA 3 I-I0 MYHKTY

BIIMPABKH JI0 |-TO MYHKTY JOCTaBKH BIIMOBIITHO aBTOMOOUIEHUM, 3aITi3HHY-

HHM Ta BOJHUM TPAHCIIOPTOM; &;j, bIJ 1 Cij — BapTICTh MIEPEBE3CHHS OJIMHUII

TOBApy 3 i-ro MyHKTY BiAIPABKH JO j—TO MyHKTY IOCTABKH BiIOBITHO aB-
TOMOGUIBHAM, 3aJTi3HUYHAM Ta BOAHMM TpaHcnoprom; fj;, g;;,hy — pusuk

aBapii Npu MepeBe3eHHI BAHTAXY 3 I-T0 MYHKTY BIAMPABKH IO j-TO MyHKTY
JIOCTaBKH BIIIMOBIIHO aBTOMOOLUIBHUM, 3aJII3HUYHUM Ta BOIHUM TPAHCIIOP-
ToM; S, R — QyHKIIT cOOiBapTOCTI Ta pU3MKY BiAMOBIIHO.

Sk OyJ10 3a3HaYEHO BHUIIE, ONITUMAJIBbHI OMOPHI TUIAHK 33 KPUTEPIsIMU
MiHiMi3arii (1) BBa)KaTUMEMO BiIOMUMHU:

Ts = (tis')
J ’

! )
Tg = (tij ),

ae Tg, Ty — Marpuli ONTUMAaJILHUX ONOPHHX IUIAHIB 33 KPUTEPIAMH CO-

OiBapTOCTi Ta PU3MKY BiINOBITHO, a t; ,t,'f — BIAITOBIHO €JIEMEHTH IHX

MaTpHIb.

[lo3HauMMO MaTpUIIO MIYKAaHOTO ONTHMAIBHOIO IUIAHY 4Yepes
T = (t;) i BU3HAYNMO METOJ ii BiLIyKaHHSL.

OueBnaHO, TaH T € KKOMIPOMiICHAMY BiTHOCHO IIIaHiB BUIY (2). B
[6] mo #ioro BiAnIyKaHHS 3aCTOCOBAHO METOJ 3BAXKCHUX CYM, 3TiHO SKOTO
HeoOXiHO MiHIMI3yBaTH HacTynHy QyHkuio F:

F=wg-S+wg-R—min, 3

Ie Wg,Wg — BaroBi koedilieHTH (10#aTHI) BiANOBIAHUX LiIBOBUX (QyH-
KUIH, mpudoMy Wg +Wg =1.

Takox Bupa3 (3) MOKHA IOAATH B 1HIIOMY BHUIJISIAI:

T=K;®Tg +Kg ®Ty —>min;

(4)
= kg oty + kit

u'
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ae Kg, Kg — marpuili Baroux koeilieHTiB (101aTHHX) BiNOBITHUX ONOP-
HUX IUIaHIB, mpudoMy Kg + Kg = k;; >+ Kij R —1 (10 Bi/UTOBIIHIX eEeMEHTaX).

[IpoGema BUHUKAE B iHTEpIIpeTAallii MpaBuX yacTHH BUpa3iB (3) i (4).
[i cyTHicTs monATae B TOMy, 1O COGIBAPTICTH BUMIpPIOETHCSA B TPOIIOBUX
OJMHHISX, 8 PIBEHb PU3HKY — B YMOBHHX. TOMYy BaXKO B KOPEKTHHUH
croci0 BCTAaHOBUTH PO3MIpHICTh, Hampukian, ¢ynknii F. s ycyneHHs
JAaHOI CYIepedHOCTiI HeOOXiTHO JOAAaTKOBO HOPMYBATH IOKAa3HHUKH COOi-
BapTOCTI Ta PHU3UKY, YOrO B MEXaX NAHOTO JOCIIUKEHHS BUKOHAHO HE
Oyzne. HaromicTh, BapTO mIyKaTw iHIII MeTOAM OaraTOKpUTepianbHOI OIl-
TUMI3allii, AITOPUTMH SKUX YHHKAIOTh MOOYAOBH 3rOPTKH IUTLOBUX (YH-
Kiid. OTHUM 3 TAKUX METO/IB € METO] TIOCITIZIOBHUX MOCTYITOK.

Peanizanis 3agavi 3a 10110M0roi0 MeTo1y MOCJTiIOBHUX MOCTYIOK.
Janwuii MeToq monArae y BU3HA4eHHI OCHOBHOTO KPHUTEPil0 ONTHMi3alii Ta
MIOCTYTIOBOMY «BiITaJICHH» 3HAYCHHS BiIMOBIIHOI HiTHOBOI (QYHKIII Bif
orrrumaibroro [10]. BusHaumBmm B SKOCTI OCHOBHOTO KpPHTEpii MiHiMi-
3amii iTb0BOI QYHKIIT cOOIBAPTOCTI S, HABEIEMO aJTOPUTM METOY IOC-
JITOBHUX MOCTYIOK Juist 3axa4i (1):

1. IlopiBHIOEMO BiAMOBIIHI eTeMEHTH MaTpuLb Tg,Tg . Pikcyemo Ti
€JIEMEHTH, 1110 CIIBIAJAI0Th MK CO00I0, Ta B MOAAIBLIOMY 3aJIUIIAEMO TX
6e3 3MiH.

Ilogo TUX enmeMeHTIB, AKI MiXK COOOI0 HE CITIBMAJal0Th, MOXKJIHBO
JIBa BUITAIKH:

1) sxmo ti >tIJ , TO ti? > t; >ti? ;

2) sKmo tf <t ,To tf <t <ty.

2. IToznaunmo vepe3 A < min |t§' —tiJR | BenmmuuHy (KpOK) MOCTYIKH,

AKy OyZeMO HOCIIJOBHO 3aCTOCOBYBAaTH O OCHOBHOT'O ONOPHOIO IUIaHY
(onTumanbHoOro 32 KpuTepieM S). Toxi nepiia MociioBHA MOCTYIKa Oye:

1) sxmo ti >t} 10 ti? = ti? —A;

ij °

S ._ S
2) sKmo t < tIJ ,TO G =1 + A
3. 3a3Ha4MMoO, IO 3MiHIOBAHMIA €TeMEHT ti? MOXHa 00MpaTH JOBINBHO.

I[pote, OCKiNbKY BiH 3HAXOUTHCS HA TIEPETHHI I-T0 PSIIKA Ta J-TO CTOBITYHKA,
TO CyMH €JIEMEHTIB LIMX PAAKA Ta CTOBIYMKA 3 ypaxXyBaHHAM HOCTyHOK To-

BHMHHI 3QJIMIIATHCS HE3MIHHMMHU. OT)KC SIKIITO 3MIHIOBAHHI €JIEMEHT t Ha-

I] >
MpHKIIaJ, 30UIBIIUTH Ha BEIMUUHY NOCTYTIKH A , TO NpUHAaHMHI OZIMH eJe-
MEHT SIK i-TO PsIIKa, TaK i j-ro croBmumka tpeda 3MeHnmr Ha A . Tooto, 3Mi-
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Ha OJIHOTO €JIEMEHTa OIOPHOrO IUIaHY IMPUBEAE 10 YTBOPEHHS CKIHYEHHOT
KUTBKOCTI HOBHX OTIOPHHUX IIIaHIB, cepejl KX HeoOXiTHO 00paTH ONTHMAalTh-
HHH 32 OCHOBHUM KpHTepieM ontuMizariii. ToMy, micis OTpuMaHHsI MHOYKHHH
HOBHX OIIOPHUX IUIaHIB, HEPEXOAUMO JI0 HACTYITHOTO MYHKTY.

4. 3HaxoOMMO HOBHH ONTHUMAJbHHUHA OIOPHUM IUIaH, OOYMCIMBINN
3HAYCHHS MITbOBUX PYHKIIH S Ta R. SIKI10 BOHU € 3a70BITBHUMH 3 TOUKH
3opy OIIP (ocoOwu, sika mpuitMae pillleHHs), TO MYHKT 2 BUKOHYETBCS e
pa3, — JIOTIOKH BEJNUYMHA MTOCTYIOK He IPHU3BEE 10 HE3a[0BIJIBHOTO 3Ha-
YeHHsI IPUHAWMHI OJTHOTO 3 KPUTEPiiB ONTHUMI3aLii.

OctaHHs 33/10BibHA IOCTYIIKAa CTOCOBHO ONOPHOIO IIaHy Tg i €
po3B’si3koM 3azadi (1). ToO6To, Ha miit iTepanii Tq =T .

Binpm neransHO MPOJAEMOHCTPYEMO POOOTY JaHOTO aNrOpUTMY Ha
TIPUKIIA]II.

Ipuxaan peanizanii nocraBjaenoi 3aaayi. /st npukiaay BUKOpHUC-
TAeEMO JIaHi, OTpuMaHi B pociimkenHi [6]. Tak, marpurii (2) 6yayTs 10piB-
HIOBaTH:

0 400 80 320 0 160
Tg=1320 100 0 |, Tg=| 0 200 220
0 0 300 0 300 O
Takox HaBeseMO 3HAYCHHS TaK 3BaHUX Marpullb Llteiinepa [6, 7]:
(372.02 230 38 W (0.01 0.06 0.02}

Sty = 331.36 2236 76 |, Stg=|0.05 0.03 0.05|.
L404.32 296.4 88.16J L0.0S 0.04 0.0SJ
Haranaemo, o cripaBeauBi HACTYIHI piBHOCTI [6]:
Siin = Stg xTg;
Rumin = Stg xTg.
Pesynbrar BinHowenns suny Ax B, ne A=(a;), B =(b;) € marpu-

®)

ISIMHU OTHAKOBOI PO3MIPHOCTI, € CKaJSIPOM Ta Ma€ BHUTIIS;
m,n
Ax B = (ay)x (by) = z ay by (6)
i,j=1
3acTOCYyEMO HABEICHUM BHINE AITOPUTM METOJY IMOCIITOBHHUX IMOC-
TYIOK:

1. Ilpu mnopiBHSHHI BiANOBIOHUX €NeMEHTiB Matpuib Ty, Tz pobumo
BHCHOBOK, 1110 BC1 BOHH Pi3Hi, KpiM t3; =0.
2. Tpumyctumo, mo A =1. 3MiHIOBaHUM eJeMeHTOM Oyne t;; .

Ockineku t) <t], 7o t7 ==t +A . Tobro, t; =1.
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3. Taka mocTynka nopoJKye MHOKMHY HOBHX OTOPHHX MiaHiB T !

1 400 79
T¢=[319 100 1 |;
0 0 300
1 399 80
TZ =319 100 1 |;
0 1 299
1 399 80
Td=[319 101 0
0 0 300

Hacnpagzi, nux mmaniB HabaraTo Oinblie — TyT HaBEACHI MaTpPHIl
JIWIIE TUX 3 HHUX, B SKAX KOXKEH 3 €JIeMEHTIB 3MIHHMBCS Ha BEJIMYUHY, HE
Oinbiry 3a A . Tak, HampUKIa[, MOXIMBHM € ONMOPHHUH IUIaH, B SKOMY
npyruit psagok MatuMe Buriran (319 99 2), mpore, B TakoMy BHIIAJIKY €ie-
MEHT t,; 3MIHMTBCA Ha 2 > A . Jln4 GinbIl AKiCHOI AeMOHCTpauii i BUma-

JKH PO3TIISIATUCS HE OYIyTh.
4. 3rigso (5) obunciumo:

372.02 230 38 1 400 79
S =StoxTd=|331.36 2236 76 |x|319 100 1 |=249961.9;
40432 296.4 8816) ( 0O 0 300
37202 230 38 1 399 80
S2., =StgxTd =|331.36 2236 76 |x|319 100 1 |=249978.1;
40432 296.4 88.16) ( 0 1 299

37202 230 38 1 399 80
S3. =StyxTS=[331.36 2236 76 [x/319 101 0 |=249917.5.
40432 2964 88.16) ( 0O 0 300

JI7isi KOHTPOUTIO: 3riJHO AaHuX [6], 3HaueHHs S, = 249829.2 .

OTKe, HOBUM ONTHMATBLHUM TUIAHOM € To . OGUMCIMMO IS HBOTO
CyMapHHH piBEHb PU3HKY:
(0.01 0.06 0.02) ( 1 399 SOW
RS, =StoxTd=[0.05 0.03 005|x|319 101 0 |=68.53.
L0.0S 0.04 0.0SJ L 0 o0 3OOJ

[Tpu upoMy onTUMabHUI PiBEHb PU3KKY 32 BIANOBIIHUM KpUTEpiEM
OITHUMI3aLil CKIIazae:
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001 006 002) (320 0 160
Ry, = Sty xTg =/ 0.05 0.03 0.05|x| 0 200 220 |=35.4.
005 004 008) ( 0 300 O

TakuMm unHOM, mpH 30UIBIIECHHI COOIBApTOCTI MEpeBe3eHb Ha
249917.5 — 249829.2 = 88.3 TpomIOBUX OAWHUIN, PIBEHBb X PHU3UKOBOCTI
3pic maibke BaBiui (68.53 /35.4 = 1.94). Beaxarumemo, mo OIIP Bupi-
IIMJIa Ha [bOMY 3YITUHHUTHUCS, a TOMY 3ajJa4a Po3B’s3aHa. 3 IHIIOro OOKY,
peaizaliito MeToy IMOCIiJOBHUX IMOCTYIIOK MOYKHA MTPOJOBXKHUTH 32 HaBe-
JICHUM BHILE aJITOPUTMOM.

Kpim ToOro, Bapro 3a3HAa4YMTH, LIO0 OTPUMAaHHS MOBHOI[IHHOTO
PO3B’S3Ky NTaHOI 3aJadi HEMOXJINBE 0e3 3aCTOCYBaHHS CIIEIiaTi30BaHOTO
mporpamMHoOro 3abesmedeHHs. [Ipu mpomy (yHKIOHAN BiOMHX 3acO0iB
KOMIT FOTEPHOI MaTeMaTHUKU € HaATO OOMEXEHHMM JUIs peaiizaiii Iocii-
JUKyBaHOI Oi3Hec-mozeni. ToMy BapTo 3BepHYTH yBary Ha CTBOPEHHS SKi-
CHO HOBHX IPOrpaM — HacaMIepel THX, SKi BHKOPUCTOBYIOTh BiJKPHTHH
nporpamMHui koj. Lle HeoOXiaHO I MOXKIIMBOCTI O€3M0CcepeIHbOr0 CTBO-
PEHHS Ta 3MiHM HOTPiOHOI (PYHKIIOHATHHOCTI.

BucHoBku. B ociipKkeHHi MpoaHali3oBaHo BiIOMI METO/IM OaraTokpu-
TepiaJbHOI ONTUMI3AIli Ta OMHUCAHO AITOPHTM METOXIY TMOCIIIOBHHUX ITOCTY-
MOK JUIs Oi3HEC-MOJeNi MYJIBTUMOJATFHOTO TPAHCIIOPTHOTO IIATIPHEMCTBA,
sika Tiepedavyae HasiBHICTh JIBOX LITbOBMX (DYHKIIT MiHIMI3awii coGiBapToCTi
Ta PU3MKY TPAHCIIOPTHUX NepeBe3eHb. [loka3aHo, M0 JTaHWN METOX € Hail-
OLIBII ONTHMATBEHNM TS peati3allii 10CiipKyBaHOI Oi3Hec-MoyieNi B MOpiB-
HSHHI 3 THMU METOJaMM 0araroKpUTepiaJbHOI ONTHMI3allii, SIKi BUKOPHUCTO-
BYIOTB 3TOPTKY HUTHOBHX (DYHKIIIH (METOI 3BaXKEHUX CYM TOIIO).

PoboTty MeTomy mOCHiZOBHUX MOCTYIOK Ul peamizaiii 6araTokpu-
TepiabHOI Gi3HEC-MO/1elli MYJIbTUMOAAIBHOTO TPAHCIIOPTHOTO MiIPHEM-
CTBa MPOJIECMOHCTPOBAHO HA PEalbHUX Ta MOJENBHHUX AaHHX. JoBeneHo,
110 MOBHOILIHHA peaji3amisi JTaHOTO METOY JUIsl MOMIOHNX MOJeNeil MOX-
JIMBA JIMILE 33 JOIIOMOTOI0 PO3POOKH CIeliani3oBaHOro POrpaMHOro 3a-
Oe3reucHHs, 0a)KaHO 3 BIAKPUTHM KOJIOM.

OueBHIHO, 110 METOA IMOCHIOBHUX NOCTYIIOK HE € €IMHUM METOIOM
peaizanii 1ociipKyBaHoi 6i3Hec-Mozeni. B nonaneiioMy BapTo 30cepeanTy-
Csl Ha BUBYCHHI Ta aJianTalil iHIIMX BIIOMUX METOJIB OaratoKpHTepiaibHOT
ONITHMI3allil, sIKi MO’KHA 3aCTOCYBAaTH JI0 PO3B’A3yBaHHS ITOCTABICHOI 3a/1a4i.
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METHODS OF IMPLEMENTATION
OF MULTICRITERIA BUSINESS MODELS
OF MULTIMODAL TRANSPORT ENTERPRISES

Under globalizing processes in the international economy, the problem
of perfect logistics in commercial projects is quite urgent. It's foremostly
important in big business structures, transnational corporations and other
economic structures in Ukraine and abroad. Logistics in this case would
surely suggest numerous means of transportation. Multimodal logistics
means are especially important as they mean simultaneous or parallel em-
ployment of several transportation means.

Besides, the investigation is concentrated on the optimization criteria
of multimodal transportations, which enables to formulate the current
model as a multicriteria optimization problem. The writing considers se-
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veral methods for this problem solution, with their application. Applying
special programming means for the business model is as well described.

The business model is designed universally, which enables it to extend
the result within the whole class of analogous models without alternat-
ing the algorithm of solution. So the object of the investigation is a busi-
ness model of a multimodal logistics company and the focus is on methods
of its solution. Its objective is to determine various methods to solve mul-
ticriteria optimization problems in transportation logistics. The paper
demonstrates the most effective of all methods suggested and signifies the
algorithm to solve the two-criteria multimodal logistics problem. To illus-
trate the algorithm, both real and model data are provided.

Key words: business model, multimodal transport problem, multicrite-
ria optimization, transport enterprise.
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METHOD OF RISK DETECTION MODEL
IN PACKET FILTERING

This article describes Petri net diagrams for fuzzy knowledge
and reasoning. A mathematical model of fuzzy Petri nets to detect
risks in rules by packet filtering is formed. A model of a two-level
fuzzy packet filtering system that provides packet filtering perfor-
mance is presented. This model uses fuzzy Petri net as a graphical
method to describe the fuzzy logical control of the movement of
packets through the firewall and allows it to determine the level of
threat embedded in packets from the Internet and to change the or-
der of ACLs by determining the rating of acceptance and rejection
of packets. In the proposed model, the packet is represented by a
token in place of fuzzy Petri nets, and the operation of the packet is
illustrated by the transition of fuzzy Petri net, which is responsible
for moving the packet from one place to another.

Key words: tokens, Petri net, Access Control List (ACL),
packet filtering, SYN-Flood, risks, Fuzzy logic, membership degree
function.
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Introduction. With the advent of the Internet, there have been many
changes in people's lives. These changes also affected firms. Most em-
ployees in modern companies do not use the Internet connection for its
intended purpose. User’s «choke» the channel using torrents, watching
videos on the Internet, downloading files or playing online games. Social
networks, entertainment portals and other sites, where thousands of new
pages are infected every day and new modifications of well-known threats
appear, have been and remain potential areas of risk for the spread of
malware and causes of phishing attacks, causes of information leakage,
theft of passwords and other spyware. To ensure the security and integrity
of information, overlap channels of possible information leakage and im-
prove network performance, it is necessary to control the traffic flow en-
tering the local network. To filter Internet access, it is important to analyze
network traffic that is generated by users. The solution to such uncon-
trolled traffic in any organization is filtering Internet requests.

The classical Petri net is a kind of directed graph consisting of points,
transitions, directed arcs, markers. Directional arcs connect places with transi-
tions or transitions with places. The transition is activated when each location
in the transition precondition is fulfilled. The tokens that are located in the
locations of the Petri net are used to determine the execution of the Petri net.
The presence or absence of a token in a location may indicate whether the
condition associated with that location is true or false and the number and po-
sition of tokens may change during the execution of the Petri net. In general,
Petri net can be represented by a transition along with an entry point and an
exit point. Petri net designations are shown in Figure 1.

=

TN

O
Fig. 1. Petri net designations

Risk Detection Model in Packet Filtering Rules Based on Fuzzy Petri
Net. Fuzzy Petri Nets (FPNs) are a combination of fuzzy logic and Petri
net. It is described as a Petri net that uses fuzzy logic rather than logic.
FPNs are used to fuzzy knowledge and reasoning. The concept of fuzzi-
ness can be incorporated into Petri nets by applying a fuzzy reasoning
mechanism to the structure of Petri net. Usually, FPN can model fuzzy

production rules (like, if d;, then d, with confidence factor (CF)y; .
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Each location can contain a token associated with the truth value of a sen-
tence, which is quantified by numbers in a unit interval [1-3]. Each transi-
tion is associated with a confidence factor that takes values from a unit
interval. Formally, the FPN model is defined as a set of

N, (P,T.D,l,a ),

where
P < B for (i =1,i <n,i++) —afinite set of positions;
TcT for (i=1i<m,i++) — afinite set of transitions;
D < D, for (i=1,i< j,i++) —afinite set of sentences;
where

P={T:(T,P)e f}UP={T:(P,T)e f} —thisis the input mapping;
T={P:(P,T)e fjUT ={P:(P,T)e f} —this s the output mapping;
f = [0,1]- displaying associations;

a:P—[01]; B:P—>D;PNTND=9,|P|=|D|.

The value of the token at the position p, eP is denoted by
a(p;)e[0.1].

If a(p;)=y;; y;€[0.1] and S(p;)=d;; then this means that the
degree of truth of the sentence d; is equal to y;. The transition t; is al-

lowed if for all p; e 1(t;), a(p;)=4, where 2 is the threshold value in

the unit interval. If this transition is triggered, then the token is removed
from its entry locations and the token is placed in each of its exit locations.
The truth value of the output tokens is usually calculated using some ag-
gregation function = .

n m
Y =7 [y J# o Y :T(| (tj)uui)lyk Eo(tj)~
j=1 =1

In theory, Petri net and FPN have the same computational power, but
FPN have much more modeling power because they have better structur-
ing capabilities. Boolean expressions and functions can be constructed
using fuzzy logic for all objects of the Petri net [4-7]. The FPN can effi-
ciently analyze parallel systems, validating security rules and standards for
transport operations and uses a graphical representation that is easy to un-
derstand and easy to modify due to its modularity.

Figure 2 shows a two-level fuzzy packet filtering model that provides
filtering performance. The model uses FPN as a graphical method for de-
scribing fuzzy logic control over the movement of packets through a fire-
wall. Two levels of fuzziness are applied to packets filtering:
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o the first level, which allows it to determine the level of threat embed-
ded in packets;

o the second level is used to change the order of the ACL by determining
the acceptance and rejection ratings of packets.

Network
traffic

Duration
If the packet type — IP or ICMP

If the packet type — 1I? or ICMI?
Fuzzification I or ICMP

v
High é} Low é Low é Long é ¢ Short
k3

Interfering with i‘ v * N
T ]

the rules L =
14 y
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Fig. 2. Two-level fuzzy packet filtering model
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First level: fuzzy filtering. This layer is based on capturing and
classifying all incoming packets based on information associated with
each packet, such as IP address, packet time and protocol type, to simu-
late and track packet movement [8; 9]. In the proposed model, the packet
is represented by a token at the FPN location, and the packet operation is
illustrated by the FPN transition, which is responsible for moving the
packet from one location to another. Once the packet is captured by the
gateway, it is moved to the position where it is checked and matched
against the ACL, in addition, the snapshot of that packet is moved to the
traffic analysis part to extract packet parameters such as the number of
IP or ICMP packets arriving over a period of time. These two parameters
are inputs to the fuzzy logic engine that is used to determine the level of
risk. This level of risk represents the threats that result from moving
packages from untrusted sources.

As it knows, the IP and ICMP protocols are used at many levels of an
attacker's advance when hacking a system. In addition, the IP and ICMP
protocols are used in some cases as a covert communication channel for
attackers. This layer can also deal with attack methods using other proto-
cols such as TCP SYN and UDP Flood. UDP flooding occurs when an
attacker sends IP packets containing UDP datagrams to slow down the
victim to the point where they can no longer process valid connections. A
distinctive feature of SYN-Flood attacks is that attackers send a large
number of TCP SYN request packets with spoofed source IP addresses.
This leads to the fact that the server side consumes a large number of re-
sources to maintain a very large list of half-open connections, which ulti-
mately leads to the fact that the server runs out of resources and becomes
unable to provide normal services.

The rationale for choosing the number of ICMP echo request
Pecho_request PACKets and the py;... packet arrival time interval is that they

are simple and suitable for most cases of protection against attacks, espe-
cially when it has a large number of whole packets. To satisfy the re-
quirements of the membership degree function (MDF) used in the pro-
posed fuzzy system, the measures for the feature vectors must be trans-
formed into the range [0, 1] using the Gaussian normalization method.
Fuzzy logic (FL) is probably the most efficient and flexible packet filter-
ing method, allowing it to control a combination of measurements in terms
of their degree of uncertainty. CL is a theory that allows natural linguistic
descriptions of problems to be solved rather than using numerical values.
The FL system consists of the following functions:

o fuzzifier that accepts input values and determines the degree of their
belonging to each of the fuzzy sets through the MDF;
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e a fuzzy inference system that defines a nonlinear mapping of an input
data vector to scalar inference using fuzzy rules;
o defuzzifier that maps output fuzzy sets to a crisp number.

And so, here a fuzzy system with two inputs and one output is used,
which is given by

n
f:ucU(R,NV),
i=1
where U =U, xU, — entrance space; R — filtering rules; V. — outlet

space.
Three fuzzy variables, including «Lowsy, «Mediumy, and «Highy, are
used to describe the pggp,_request Characteristic and two fuzzy variables,

including Long and Short, are used to describe the p,.,, function. All

membership function parameters are numerically specified based on expe-
rience to assess the level of risk arising through packet traffic. Once the
system receives fuzzy descriptions of packet characteristics, a rule base
can be built to infer that they are similar.

Fuzzy reasoning, which is formulated by a group of fuzzy If-Then
rules, represents the degree of presence or absence of a connection or in-
teraction between elements of two or more sets. Figure 3 shows packet
filtering rules flowcharts (First level).

In general, the rules presented in Figure 3 imply weight assignment
in the same way as humans. Fuzzy inference handles all cases in parallel,
which makes the solution more reasonable [10]. The result of the fuzzy
system is the risk level r,, which characterizes the risk inherent in packet

traffic.

Second level: fuzzy filtering. Typically, each firewall has two sets
of packets associated with it: a set of packets that are accepted by the
firewall and a set of packets that are discarded by the firewall. This
model exploits this fact to improve packet filtering performance by ap-
plying Layer 2 fuzzy filtering to track the rate at which packets are ac-
cepted or rejected to minimize rule matching time. Here, an attempt is
made to model the uncertainty in the rate of acceptance or rejection of
packets using a fuzzy model. In this case, a fuzzy system with two inputs
and one output is used. Two fuzzy variables including «Low» and
«High» are used to describe both the receive rate counter A  and the

rejection rate R,. The result of the fuzzy system is the computed rate
C, , which characterizes the rate of rejection and acceptance in packet
traffic and is described by three fuzzy variables, including High Rejec-
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tion, Equal, and High Accept [11]. Figure 4 shows packet filtering rules
flowcharts (Second level).

( START )
ICMP-echo rate, time duration,
risk

ICMP-echo rate = high risk =moderate

risk=big  [—

risk = moderate |~

risk=big  [—

risk=small |

risk = moderate  |—

ERROR!

Risk —

> )

Fig. 3. Packet Filtering Rules Flowcharts (First Level)

The output fuzzy values are then defuzzied to generate a clear value
for the variable. Here, if C, = high acceptance, then all rules for which
there is a permission action are reordered and moved to the top of the ACL
with the highest priority to execute. Otherwise, if C, = high rejection,
then all rules that have a reject action are moved to the beginning of the

ACL, taking the highest priority for execution and, as a consequence, rules
that have an accept action stabilize at the end of the ACL.
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Fig. 4. Packet Filtering Rules Flowcharts (Second Level)
Conclusion. Thus, the proposed model has the ability to change the
actions of the rules in two levels: at the first level, the action of the rule
can be changed in accordance with the behavior of traffic based on the
layer of risk; in the second level, the sequence of rules can be dynamically
changed to reflect the highest priority of the rules based on the acceptance
and rejection of packets.
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METOA MOAENI BUABINEHHA PUSUKY
NMPU ®INbTPALII NAKETIB

V wiii craTti onucani fiarpamu Mepexi IleTpi ans HedwiTKHMX 3HaHB i
MmipkyBanb. CopMoBaHa MaTeMaTH4HAa MOJENb HEYIiTKHX Mepex Ilerpi
JUTA BUSIBIICHHS PU3UKIB B IpaBMax 3a JOMOMOroro (igpTpaiii makeTis.
[IpencrasneHa MozeNb ABOPIBHEBOI CHCTEMH HEWiTKOI (PiIbTpanii maKeris,
1o 3abesneuye eekTHBHICT QinbTpamnii maketiB. Ls Momens BUkopucto-
BY€ HEUITKy Mepexy [leTpi B sikocTi rpadiqHOTO METOMY TSI OTHCY HEUiT-
KOTO JIOTIYHOTO YHPABIIHHS PYyXOM IAKeTiB Yepe3 MIKMEpeKeBUH eKpaH i
J103BOJIsSIE TH BU3HAYATH PiBEHb 3arpo3u, BOy10BaHOI B ITakeTH 3 [HTEpHeTY,
i 3MiHIOBaTH MOPsOK cnuckiB ACL nuisixoM BH3HAUSHHS PEHTHHTY. TIPH-
floMy 1 BiZXWJIeHHs MakeTiB. Y 3alpONOHOBAHi MOJENi MaKeT MpeiCTaB-
JICHUH TOKEHOM 3aMiCTh HewiTkux Mepex Ilerpi, a pobora makety imocT-
pyeThesa mepexonoM HewiTkoi Mepexxi Ilerpi, sika BinmoBimae 3a mepemi-
IICHHSI TTaKeTa 3 OJTHOTO MICIls B iHIIIE.

KirouoBi cnoBa: moxenu, mepesica [lempi, cnucox konmponio 0ocmy-
ny (ACL), ¢pinempayis naxemis, SYN-Flood, pusuxu, neuimxa nocixa, ¢y-
HKYISA CMYNeHs NPUHANEeHCHOCHI.
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APPLICATION THE AHO-CORASICK ALGORITHM FOR
IMPROVING A INTRUSION DETECTION SYSTEM

One of the main goals of studying pattern matching techniques
is their significant role in real-world applications, such as the intru-
sion detection systems branch. The purpose of the network attack
detection systems NIDS is to protect the infocommunication net-
work from unauthorized access. This article provides an analysis of
the exact match and fuzzy matching methods, and discusses a new
implementation of the classic Aho-Korasik pattern matching algo-
rithm at the hardware level. The proposed approach to the imple-
mentation of the Aho-Korasik algorithm can make it possible to
ensure the efficient use of resources, such as memory and energy.

Key words: NIDS (Network Intrusion Detection System), pre-
cise matching, imprecise matching, FPGA (field-programmable
gate array), algorithm Aho-Corasick.

Introduction. In recent years, there has been rapid growth in both In-
ternet penetration and bandwidth, driven by huge improvements in tele-
communications infrastructure, the proliferation of competitively priced
computers and mobile Internet-capable devices, and the declining cost of
Internet access as a result of increased competition. The number of individu-
als using the Internet has increased by several billion over the past 10 years,
mainly due to the increased use of high quality video communications.

In 2019, Positive Technologies specialists recorded more than 1,500
attacks; this is 19% more than in 2018. In 81% of cyber attacks, the vic-
tims were legal entities. At the end of the year, the five most frequently
attacked industries included government agencies, industry, medicine,
science and education, and the financial industry.

In September 2020, the AVTest Institute detected about 1.1 billion
unique malicious programs, of which 12 million are new malware. In other
words, a new malware was created every 2 seconds.

In 2019, the number of malware infections increased by 38% com-
pared to 2018. In 41% of cases, malware infections were combined with
social engineering techniques.
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The growth in the success of malicious campaigns throughout the
year was facilitated by the continuous modernization of both the malicious
software itself and the delivery methods. First, in 2019, attackers were
good at masking malware. For example, they hid them in files with exten-
sions that are included in the whitelists and therefore are not detected by
antiviruses, used legitimate processes and built-in mechanisms to avoid
detection, signed malware with legitimate certificates, and actively devel-
oped fileless infection techniques. Trend Micro researchers published a
report in September 2019, according to which the number of fileless at-
tacks in the first half of the year increased by 265% compared to the first
half of 2018. At the end of the year, Bitdefender specialists talked about a
new technique for infiltration by miners, ransomware and spyware through
the features of the RDP service. Second, cybercriminals added new ex-
ploits to malware vulnerabilities, including in widely used software. For
example, the notorious WinRAR vulnerability in 2019, which affected half
a billion users, was used both for infections by the JNEC.a ransomware
and in complex targeted attacks. Finally, attackers tried to make the mal-
ware feature rich, which increased its chances of gaining benefit if it be-
came infected. For example, the new Scranos rootkit steals credentials and
billing information, installs adware, and subscribes to YouTube channels.

Network packet inspection is the examination of a packet's payload
for patterns known as signatures, listed in a rule database called a rule set.
Signatures are usually in the form of fixed strings or regular expressions,
or a combination of both. In recent years, regular expressions have become
more commonly used to describe increasingly complex attacks.

The topic of fixed string matching is well understood because of its
importance in many applications such as Internet search engines, parsers,
word processors, and digital libraries. This is important in signature-based
NIDPS because most rules contain at least one fixed string pattern to
match. Although fixed string matching is beyond the scope of this paper, a
brief overview is provided below to give a complete understanding of the
functionality of NIDPS.

Related works. Precise Matching. The string matching problem can
be simply formulated — for two strings T and P of length m and n, respec-
tively, determine if P occurs in T. Naive or brute force search involves
trying to match a pattern using a window size of length n and iterating
over each position in T from left to right, resulting in the worst-case com-
plexity O (mn). Boyer-Moore and KMP are two classic single-string
matching algorithms. Both of these algorithms also use a window of size
n, but they use a skip or shift table to determine where to look next after
each mismatch. The shifts used by the Boyer-Moore algorithm are based
on two rules known as the bad character shift rule and the good suffix shift
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rule. The first rule eliminates the need to repeat unsuccessful comparisons
with the target character, and the second ensures that the match only
matches target characters already successfully matched. The KMP algo-
rithm similarly uses information derived from partial matches to skip
alignments that are guaranteed not to result in a match. The Boyer-Moore
algorithm was later simplified by Horspool, resulting in an algorithm that
is easier to implement. The Boyer-Moore algorithm has a worst-case
search time of O (m + n) if the pattern does not appear in the text, and
O (mn) if it does. The average seek time is sublinear and improves with
increasing pattern length. KMP is O (m + n) in both the average and worst
case. Baeza-Yates and Gonnett found that the average performance of the
Boyer-Moore-Horspool algorithm improves with increasing pattern length,
and better than KMP for n > 3. These algorithms are not suitable for
matching multiple patterns because the search time increases linearly with
increasing template length, number of patterns.

Imprecise Matching. Dharmapurikar et al. describe a hardware tech-
nique using Bloom filters to detect fixed strings in streaming data. A Bloom
filter is a randomized data structure that is «programmed» with strings using
multiple hash functions and «queried» for a string based on a few bits. The
request may result in a false positive, but never a false negative. (A false
positive is when a match result incorrectly indicates that a match exists,
while a false negative is when a match result incorrectly indicates that a
match does not exist). The main advantage of this method is that it will
probably only require a relatively small amount of memory, even for a very
large set of templates. The disadvantages are that multiple Bloom filters are
required, one for each pattern length found in the rule set, and that all possi-
ble matches must be fully checked for false positives. Song and Lockwood
propose a more efficient data structure, called an extended Bloom filter, in
an architecture that makes the most of FPGA block RAM. Zhou and Wang
propose an FPGA implementation of multi-pattern string matching using
parallel mechanisms based on the Bloom counting filter.

Markatos et al. propose an algorithm based on the use of exclusion
matching. It basically splits patterns into multiple fixed size bit strings and
searches for them without checking if they are in the correct sequence. If
any of the subpatterns do not match, then the entire pattern does not
match. When a matching subpattern is found, the system reverts to a
standard algorithm, such as Boyer-Moore, to validate the complete pattern.

Algorithmic background-The Aho-Corassic and Commenzt-
Walter algorithms. Two well-known multi-pattern matching algorithms
are Aho-Corasick and Commenzt-Walter. The Aho-Corasick algorithm is
an extension of the KMP algorithm for a set of templates.
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This paragraph is devoted to providing a brief explanation of the pat-
tern matching problem. In short, in the problem of the exact set matching
algorithm, the main goal is to find occurrences of all patterns from a given
set P ={p1... p} in the text T [1 ... m]. Let n be the length of all patterns
in the set P. Obviously, the brute-force algorithm is probably the first algo-
rithm one could think of when solving an exact match of a set in
O (n + km) time, applying any linear time an exact match k times e.g.
Knuth-Morris-Pratt algorithm, Boyer-Moore algorithm, etc.). The Aho-
Corasic algorithm (AC for short) is a natural extension of the famous
Knuth-Morris-Pratt algorithm, which is a classic approach to solving a
single pattern matching problem. AC works in O (n + m + z) time, where z
is the number of occurrences of patterns in the text T. AC is based on the
refinement of the keyword tree.

Consider the following set of lines: P = {ATTACK, ASSET, CAT}.

— Goto Function (trie)

_____ > Failure Function

O Nodes with result

Fig. 1. Aho-Corasick — automaton for set of patterns
P = {ATTACK, ASSET, CAT}
Time complexity of tree construction is O (n). The next step is to convert
the keyword tree to an automaton to support linear time matching. The action
of the automaton is determined by three functions defined for states [8]:

g(s, a) — a goto function: gives the states entered from current state s by
matching text char a, if edge (u,v) is labeled by a, then g(u,v) =v; and
g(0, a) = 0 for each a that does not label an edge out of the root (denoted 0),

f(s) — a failure function: gives the state entered at a mismatch, when
w is the longest proper suffix of L(v) such that w is a prefix of some pat-
tern, f(s) is the node labeled by w,
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out(s) — an output function: gives the set of patterns recognized
when entering state.

If n is the number of states in the automaton, and nocc is the number
of occurrences of the pattern in the string, then the time complexity of
finding the algorithm is O(n + nocc) when the transitions of the automaton
are stored in the transition table and, O(nlog|Z| + nocc), when transitions
are stored in a balanced tree [2, 5].

Theorem. Searching for a set of patterns P in text string T[1 ... m]
with an AC automaton takes time O(m + z), where z is the number of pat-
tern occurrences.

A transition table of a FSM automaton contains transitions from each
state for every symbol of a input alphabet, so the size of this transition
table is equal #S - #A (where S is the set of automaton states, A is the in-
put alphabet and #X is a cardinality of set X). The transition table for an
AC automaton contains only two transitions for each state (2-#S). Number
of transitions is not dependant on size of the input alphabet.

Algorithm1. Searching patterns P in text T

Input: string T[1,..,m]

set of k-patterns P;
output: starting indices of substrings of T

matching patterns from set P;

a=0;

for i=1 to m do
while g(g, T[i])=0 do g=f(q);
a=g(q,T[i]);
if out(g) # 0 then print (i);

The Commentz-Walter algorithm combines the ideas of the Boyer-
Moore and Aho-Corasick algorithms. For a string of length m and maximum
template length Imax, its worst-case time complexity is O(mimax). In practice,
it is faster than Aho-Corasick only for a small number of search patterns.

Both Aho-Corasick and Commentz-Walter algorithms suffer from
the fact that memory requirements can grow exponentially with the num-
ber of patterns. This degrades the performance of the software as the entire
machine cannot be stored in the cache. A number of solutions have been
proposed for this memory explosion problem, most of which involve the
use of hash tables. The Wu-Manber algorithm is a variant of the Boyer-
Moore algorithm with multiple patterns that considers text in B blocks
instead of individual characters, that is, it is a multi-step algorithm. It uses
three tables: SHIFT, PREFIX and HASH. The SHIFT table stores the shift
or gap values for each of the characters in the block, indexed by hashing
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their value. If a potential match is found, the HASH and PREFIX tables
are accessed to verify the actual match. Navarro and Raffino provide a
detailed description accompanied by examples. The algorithm only re-
quires O(k) memory space, where k is the number of templates, and is very
fast on average. It was previously used by Snort, but has been removed
because its inferior performance makes it vulnerable to DoS attacks. Snort
now uses the standard Aho-Corasick algorithm by default, but it can be
configured to use other versions of the algorithm [3] that trade off memory
versus speed. It also includes a binary tree based algorithm known as SFK
lookup for very low memory systems.

A lot of research has been done to find improved variants of the Aho-
Corasick algorithm, in particular for hardware implementation. The algo-
rithms proposed by Tuck et al. reduce memory consumption through the
use of bitmap nodes and path compression. Bitmaps reduce the number of
state transition pointers, and path compression combines a number of se-
quential states. Tan and Sherwood use bit splitting to split the Aho-
Corasick automaton into eight separate automata, each operating on one
bit of each input character, thereby reducing the maximum number of tran-
sitions from each state from 256 to just 2.

Kennedy et al. proposed an FPGA architecture based on the Aho-
Corasick algorithm, which uses multiple string matching mechanisms op-
erating in parallel.

A well-known FPGA approach to string matching is to treat a string
as a simple regular expression that can be represented by an NFA, which
translates into FPGA logic. The main disadvantage of this method is the
need to reprogram the FPGA when the rowset changes. Moreover, it does
not scale well as recent rulesets generate too much logic.

TCAMs can perform concurrent searches at high speed, but they pre-
sent two problems for matching multiple patterns: (i) TCAM entries are
fixed length, as opposed to string patterns found in NIDS rulesets, and (ii)
TCAM s return the first matching entry, and not all matches. Yu et al. pro-
pose a solution that overcomes these two difficulties. The number of
TCAM lookups is in the order of O(n), where n is the number of charac-
ters entered. Sung et al. [1, 4, 6, 7] present a jump window scheme that
reduces the number of TCAM lookups to O (n / m), where m is the win-
dow size. Although it gives very good matching performance, TCAM suf-
fers from the problems of relatively high cost and energy inefficiency.

Hardware schemes for state machines. Finite machine. A block di-
agram of a state machine that finds character patterns is shown in Figure 3.
The module consists of a character shift register, a state register, and a
look-up table. The state register contains the code of the current state of
the state machine.
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Shift Register

Network Flow

—)

Network Flow

—)

Input symbols
Previous state*
R::iasttir Control block
Results
Next state

Fig. 2. Block scheme of finite state machine

The shift register shifts a new character into the look-up table at each
clock cycle. The lookup table determines the next state from the current
state and the input character. It also detects output patterns found, which
tells whether the state machine has found a pattern. Much of the circuit's
latency comes from a look-up table, which can be implemented in FPGA
memory or logic cells.

Aho Corasick Machine. The module that implements the Aho-
Korasik algorithm (shown in Figure 4) is similar to the basic module of the
state machine. The most important extension is the brake light. It is set
when the state machine returns through a failure transition and tells the
shift register not to shift a new character. The conversion table has been
converted to a more complex block. The table is split into two tables: a
transition function and a failure function. The goto function determines the
next state based on the input character and the current state in a situation
where the Aho-Corasick machine matches any pattern. It is implemented
in Addressable Memory (CAM). The number of CAM lines is equal to the
number of goto branches in the keyword tree. The stop memory output
signals whether the next state was executed in the CAM or not.

The failure function finds the next state from the current state when
the input character does not match any pattern. Each state has one transi-
tion of the failure function, so it is easy to implement in memory, the size
of which is proportional to the number of states.

The stop signal activates the next state multiplexer function. If the
CAM finds a matching row, the next state is taken from the CAM pin,
otherwise it is taken from the failure function. The templates function re-
ports from the next status output which templates were found.
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Network Flow

=

Previous state ‘

Shift Register

Network Flow

=

Input symbols

Stz.:te Control blodk
Register
A
Stop
Function
Next state Results

Fig. 3. Block diagram of AC machine
Parallel Aho-Corasick Machine. Taking into account the fact that
the size of the Aho-Corasick jump table is independent of the size of the
input alphabet, it is possible to parallelize and pipe it by taking multiple
characters at each step and multiplying the number of Aho-Corasick Ma-
chine. This increases the size of the input alphabet and changes the num-
ber of states of the machine.

Input symbols_|

Previous state

Goto Function

Failure
Function

Goto

\ 4

Failure

\ 4

Next State Function

v

Stop

B

\ 4

Next state

Patterns Function ‘

o

Results

Fig. 4. Block diagram of control unit of AC Machine
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Each n Aho-Corasick machine takes n input symbols from the shift
register every n clock cycles. Each machine receives symbols in its own
clock cycle, so every n adjacent symbols in the shift register are processed
by one of the machines. The Aho-Corasick automaton is modified to process
n symbols at each step. It can handle n steps of the goto function, but only
one step of the failure function of the underlying Aho-Corasick machine.

The advantage of the parallel version is that machines can share the
resources of an expensive CAM for the transition function and memory for
the failure function. Thus, the memory is pipelined, resulting in a shorter
clock cycle than the basic version of the AhoCorasick machine. The dis-
advantage is that the length of the templates must be divisible by n.

Conclusion. This article proposes a new implementation of the clas-
sic Aho-Corasik pattern matching algorithm at the hardware level. The
presented results show that the Aho-Corasick algorithm provides efficient
use of resources (memory and logical cells) at the expense of lower
throughput. Using this algorithm, the same patterns can be accommodated
as in a smaller FPGA. Further improvements are expected in the area of
efficient hardware implementation of pattern matching algorithms.
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3ACTOCYBAHHA ANMTOPUTMA AIrB-KOPACIKA OnA
BOOCKOHAJIEHHA CUCTEMA BUABIEHHA BTOPITHEHb

OpiHa 3 OCHOBHHX IiJIei BUBYEHHSI METOIB 31CTaBIECHHS 31 3pa3KOM —
X 3HaYHA POJb B PEabHUX JOAATKaX, TAKUX SIK TUIKA CHCTEM BHSBIICHHS
BTOpPTHEHb. MeToro cucteM BusBIEHHS MepexkeBux atak NIDS e 3axuct
iH(OKOMYHIKAIIfHOI Mepexi BiJl HECAHKI[IOHOBAHOTO AOCTyIy. Y wiit
CTaTTi NPEICTAaBICHUI aHaIi3 METO/IIB TOYHOTO 1 HEUITKOTO 3iCTaBJICHHS, a
TaKOXX OOTOBOPIOETHCS HOBA peallizallisi KIACHYHOTO aITrOPUTMY 3icCTaB-
neHHs 31 3pa3koMm Axo-Kopacika Ha amapaTHomy piBHi. [IpomoHoBaHUit
miaxig no peanizamii anroputmy Axo-Kopacika Moxke mo3ponuTa 3a0e3me-
9UTH epeKTHBHE BUKOPUCTaHHS PECYpPCiB, TAKUX SIK TaM'SITh 1 €Hepris.
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HarmionansHuii TeXHIYHUN YHIBEpCUTET YKpaiHu
«KuiBchpkmii moniTexHiuHMH iHCTUTYT iMeHi [ropst Cikopcbkoroy, M. Kuis

OKPECNEHHA TrPAHUYHUX TA ®IBUHHUX YMOB
MATEMATWUYHOI MOAEII MACOOBEMIHHY B ANAPATI NIA
YAC PO3OINEHHA BOOHO-OPIrAHIYHUX CYMILLEN

ABTOpamMH pO3po0JieHa Ta YJOCKOHAJICHA MaTeMaTHYHa MO-
JIeITb, SIKa OTHMCY€E MAaCOOOMIHHY OOCTAHOBKY B amapari Mij Jac po3-
JieHHS BOJHO-OPTaHIYHMX CyMIIIeH Ta IMOKa3zye MpPOLECH Iep-
Bamoparii, mo BigOyBalOThCs 3 TPOLECy IecopOIlii KOMIOHEHTIB 3
MeMOpaHHOTO €JIEMEHTA 3 YpaxyBaHHSIM B3a€MHHX BIUIMBIB Xapak-
TEPUCTHK IPOLECY HAa XapaKTePUCTUKH CepeloBHINA. BpaxoBaHo
BIUIMB 30BHIIIHIX (DaKTOPIB JJIsI TEMIIEPATYPHOTO PO3PaxXyHKY Ta
3HAMICHO PO3B’ 30K BiAMOBIAHOI MOIEIBHOI 33a4i 3 BUKOPHCTAH-
HSIM PIBHSIHHS PYXy JUIS PIMHH B cepelrHi MeMOpaHH B yMOBax
naMiHapHOTO pyxy. HaBeneHi pesynpTaTH po3paxyHKiB PO3NOALTY
KOHLICHTpALil OpraHiYHOI JOMIIIKH y CyMillIi Ta MaTepiaii MeMOpa-
HU. JIOCTIDKEHO 3aJIeKHICTh KUIBKOCTI IPOXOAIB Uepe3 MeMOpaHy
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BiJI MOYATKOBOI KOHIICHTpaIlii B MeMOpaHi. [Toka3aHO MOXIHBICTH
BU3HAYCHHS PO3MOALTY KOHLEHTpALiil y HMOTOLI PiAMHH, sIKa MpO-
XOIUTh B MEMOpaHi, a TAKOK 1O TOBIIHHI MEMOPaHH B 3aJICKHOCTI
BiZl po3MipiB MeMOpaHH, PEKUMIB PyXy BUXIZHOI Ta HaporazoBoi
CyMillli, KOHIIEHTpAIil OpraHigyHOl JOMIIIKN B BHXIIHIA Ta Tapora-
30Biif cywmimi. B moOynoBanili MaTeMaTH4HIH MOJIENi BPaxOBaHO
TEeOMEeTpHYHI Ta (i3WYHI YMOBH, SKi XapaKTepHU3yIOTh BiJIIOBITHO
¢opmy 1 po3mipu obiacTi B AKii BigOyBaeThCsI KOHKPETHUH HPOIIEC
nepeHocy Ta (i3M4HI BIaCTUBOCTI CEPEOBUIIA i TX 3MiHa B 3aJI€XK-
HOCTI BiJi mapameTpiB npoueciB. J[jisi po3B’si3aHHs PiBHSAHHS KOHBE-
KTUBHOI audy3ii B piakiii ¢aszi BHOpaHO METOA CKIHYCHHHX pi3-
HMIb. MaremMaTHiyHe MOJCIIOBAHHSA HAOYHO AEMOHCTPYE edeKT
BIUIUBY (aKTOpiB, ajie, B CBOKO YEPry, HE JO3BOJISIE 3HU3UTH BIUIMB.
VYpaxyBaHHS IOYaTKOBHX YMOBaX i IPaHHYHMX YMOBAaX JO3BOJIUTh
BU3HAYUTH PO3IOALT KOHUEHTPALH y TOTOII PiMHY, KA IPOXO-
JIITH B MEMOpaHi, a TAKOX IO TOBIIUHI MEMOPAaHHU B 3aJICKHOCTI BiJl
po3MipiB MeMOpaHH, PeKUMIB PyXy BHXIJHOI Ta IaporasoBoi Cy-
Millli, KOHIIEHTPAI[iT OpraHivyHo1 JOMIIIKK B BUXIJHIN Ta maporaso-
Biii cymimi. [IpoBeieHe MaTeMaTHYHE MOJICITIOBAHHS TEIUIO- T Ma-
co00MiHy BCepeIMHi amapaTy Ui BU3HAYEHHsS KOHIIEHTPALiiHOTO
HOJIsl OPTaHIYHOTO KOMIIOHEHTY Ta BUSIBIICHHs (DaKTOpIB, 110 BILIU-
BalOTh Ha MIBU/KICTh BUAUICHHS OPTaHiqHOT JOMIIITKH.

KiawuoBi cioBa: mamemamuuyna modens, nepsanopayis,

MeMOpana, op2aniuHi QOMIUKY, MeMOPAHHULL anapam, MOOelbHA
PIOUHA, KOHEEKMUBHA OUDY3isl.

Beryn. Cepen MeMOpaHHUX TIpoLieciB BUIUIAIOTH 1€ 1 MepBaroparliiiti,
SKi BUKOPHCTOBYIOTBCS TSI PO3MUICHHS PIWH 1 BiIPI3HSIOTBCS Bif iHIINX
METO/IIB MEMOPAHHOTO OUUIICHHS HAsBHICTIO (pa3oBoro mepexony. OmHiero 3
MOXIJIMBHX 0OOJlacTell 3acToCyBaHHs MEpBAIoOpallii € OYMIIICHHS BOIH BiJ Op-
TaHIYHUX JIOMIMIOK i MOJANBIIAN TOMUT CyMilel OTPUMAaHHX OpTaHiYHHX
crionyk. MexaHi3MOM TOLTY 1 MAacOTIEPEHOCY, Y BUMAKY PO3ILICHHS Oara-
TOKOMITOHCHTHUX OPTaHIYHUX CyMIIICH, KOJH JiBa a00 OLIbIIEe KOMIIOHCHTIB
CyMillli, pi3HHX 32 Baroro i GopMoI0 MOJIEKYJI, MalOTh CIIOPIHEHICTh 3 MarTe-
piatoMm MeMOpaHH, € Pi3HHUI MIBUAKOCTEH MEPEMIIICHHS MOJEKYJ 1 BUTIC-
HCHHSI JISTKUMU MOJICKYJIaMH BOXKYUX B 30H1 (ha3u po3unHeHHs [ 1, 2].

BrHUKHEHHS KOHIEHTpaniiHOT NOoNsIpH3allii 1 TOBIIMHA TPUMEKOBO-
TO KOHIICHTPALIHOTO MIapy 3ajieKaTh BiA TiAPOIUHAMIYHUX YMOB Y IIO-
toui Haj MemOpanoto. I1lo Oinbina TypOyJNEHTHICTh HMOTOKY, TO MEHIIA
TOBILIMHA KOHIIEHTPALIHOTO 1mapy Oijisi MeMOpaHu Ta HeraTHBHI HACIIIAKH
KOHIEHTpAaLiiHOT mosspupu3auii [3].

AHaJi3 JlirepaTypHHUX Kepes Ta NOCTAHOBKA 32/1a4i JOCTiKeHHS.
B miteparypi HaBenmeHi MaTeMaTHYHI MOJIEI 3aCTOCOBaHi IS IpoLiecy Tep-
Baropatlii B kaHasi npssMokyTHOI (opmu. [IpencraBieni MmaTemMaTnyuHi MoeIi
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JUTSL OIIFICAHHSI TIPOIIeCy MeMOpaHHOI cOpOIIii, Sika BpaxoBye po30yxaHHS ene-
MEHTY 1 YMOBH OJHO3HAYHOCTI JaHOro mporecy [2, 4]. Onwmcani Monerni He
MOXYTb OyTH BUKOPHCTaHI JUIsl ONIMCY MPOLECIB y KaHajaX HE MPSIMOKYTHOI
(opmu, a TaKOX JJIA TPOIIECY JecopOIlii KOMIOHEHTIB 3 MEMOPAHHOTO elle-
MeHTa. AHaI3 JITepaTypHHUX JHKEPEeN MOKa3ye, 10 IS PO3AUICHHS BOJHO-
OpraHIYHUX CyMillledl HaiOLIbII e(eKTHBHUM € MeMOpaHHe pO3IUICHHS —
niepBaropariis [5, 6]. Pazom 3 TiM, mmpoke BIPOBaKCHHS MEMOPaHHHX TEX-
HOJIOTIH TaJIbMy€ThCSl HEIOCTaTHIM TEOPETHYHHUM Ta EKCIIEePUMEHTAIBHUM
BUBYEHHSIM MAacOOOMIHHHX Ta TEIUIOBHX IPOIECIB B HUX, 30KpeMa: MeXaHi3-
MIB ITepeHOCy OpPraHiYHMX PEYOBHH, BIUIMBY TEMIIEPATypH IPOLIECY HA Tepe-
HOC OpPTaHIYHUX PEYOBHH B CTIiHIII MEMOpaHH Ta B MDKMEMOPaHHOMY IIPOCTO-
pi. I Tomy, mist BHOOpY eheKTHBHOT TEXHOJIOTIYHOI CXEMH, PEXKUMIB Ta BIOC-
KOHaJIEHHS KOHCTPYKIii MEMOpaHHOTO arapary HEOOXiJHUM €:

1) TeopeTHuHE MOCIIKEHHS SBHUII] IEPEHOCY OPTaHiYHUX PEUYOBHH B BO-
JTHO-OpraHiuHiil cyMinn Ta MeMOpaHi nusixoM (i3MYHOrO Ta Marema-
TUYHOTO MOJIETIOBAHHS TEIUIO- 1 MAacoOOMiHY INpH IepBamoparii pia-
KOTO OpraHiYHOTO KOMITOHEHTY CyMilli Yyepe3 HETIOPHUCTY CTIHKY LIWJi-
HAPUYHOT MeMOpaHH 3 ypaxyBaHHSIM IPaHUYHUX YMOB;

2) TeopeTHYHe BU3HAYCHHS PO3MONLUTYy KOHIEHTpALii OpraHigHOTO KOM-
TIOHEHTY B MOIEPEYHOMY HarpsiMKy IO BCiil JOBXMHI MEMOpaHH B 3a-
JISKHOCTI BijI TEMIEpaTypH.

Bukiaa ocHOBHMX pe3yJabTatiB. [ mpUkiiaay, po3riisiHEMO MPOIEC
TiepBaroparlii OpraHiYHOr0 PO3YMHHUKA, 1[0 MICTUTLCS y CTIYHIN BOII, AKa
MOAEThCsl BCcepeanHy MeMOpann. MeMOpaHa BUTOTOBIICHA y BUTIISIAL TPYO-
KU 3 BHYTPIIIHIM paJilyCoM [, 1 30BHIITHIM — @504, (puc. 1). MemOpana Bce-
peavHI MOBHICTIO 3aroBHEHa pikoro (a3oro (cTiuHoIo Boxoro). [Tpu koHTa-
KTi 32a0pyIHEHOI BOIM 3 BHYTPINIHBOIO MOBEPXHEI0 MEMOpaHHU, POYHMHHHUK
mudyHIye B Marepias MeMOpaHH. PyImiiHOIO CHIIOI0 TIPOIECY IMEpeHOCY
PO3UMHHUKA € PI3HUL KOHIIEHTpALil, KA MPU3BOJNTB JI0 PyXy PO3UMHHUKA
Ha 30BHILIHIO MOBEPXHIO. [3 30BHIMIHBOT MOBEPXHI PO3YMHHUK BHUIAPOBY-
€ThCSI B HABKOIIMIIIHE CEPEIOBUILE, KM MPECTaBIsIE apora3oBy CyMIlll,
sIKa CKJIQJIA€THCS 3 TMapy PO3UMHHMKA 1 HOCis (HampHKiajg — MoBiTps). B
npoleci nepBarnoparii KOHIEHTpAllis PO3YNHHUKA 3POCTAE JI0 ITOBHOTO BH-
TICHEHHSI HOCis1 3 00’ €My HaBKOJIMIIIHBOTO CEPEIOBHINIA.

[Ipouec BUITy4EHHSI pO3UMHHHUKA 3 CTIYHOT BOJIW 3aJIEKHUTH BiJ
1) temmeparypw;

2) peXHMY PyXy PiMHH B CEpEeIHHI TpyOKH;
3) IHTEHCHBHOCTI BiJIBSJICHHS AP PO3YHNHHHMKA 3 TIPOCTOPY, TOOTO PO3UHH-
HHK MOCTYIIA€ B TEIUNIOOOMIHHHUK e BiIOYBAEThCS MPOLIEC KOHICHCAIIIT.

IaTeHCHbiKaIis Mporecy IepBamopalii po3YMHHNAKA 3aJIe)KUTh Bill
migBeeHHs Horo 3 pigkoi (a3 IO BHYTPINIHBOI NMOBEPXHI MeMOpaHH,
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MIEPEHECeHHSI PO3UYMHHHIKA depe3 MeMOpaHy 1 BiBEJCHHS PO3YMHHHUKA 3
30BHIIIHBOT TOBEPXHI MEMOPAHHU.

Z
_'T/\
Bodwo-gpzamwa [ Gilr, z)
iy 5
bz Lrz)
> Ol
g
r
[
[aatw

Puc. 1. Jlo posensady ocobrusocmeii npoyecy nepeanopayii

Ha xoxHi# 3 UX AIISTHOK CTBOPIOIOTHCS TIOTOKK MAacH PO3YMHHHKA 1
HaWKpalMM BBa)KAEThCS Taki yMOBH POOOTH amapary, KOJH I HOTOKH
Macu piBHi.

DopmynroeanHs mamemamuyHoi mooeni. MareMaTHdHa MOJETH JI0-
3BOJISIE BU3HAYUTH KOHIICHTPAIIiIHI ITOJIT OPTaHIYHOTO KOMITOHEHTY B pi-
JIUHI, 1[0 TPOXOIUTH Yepe3 MeMOpaHy Ta B caMmiii MeMOpaHi, a TaKOXK BH-
SIBUTH (paKTOPH, 10 BIUIMBAIOTh HAa MIBUAKICTh BUAIJICHHS OPraHiqHoi J10-
MIIIIKH.

PosrisiHeMo piBHSIHHA pyXy JUlsl PiIAMHM B CepelliHi MeMOpaHUu B
yMoBax JamiHapHoro pyxy (W — MBHIKICTH PyXy MOJENBHOI PiJHHH).
3nauenHs W, MoO)KHa BBaKaTH OJIM3bKUM JO HyJs, a OCKUIBKU 3ajada

ocecumerprdHa T0 W, Takox JN0piBHIOE Hy0. OTKe PIBHSHHS PyXy 3a-
MHUCY€EThCS TUTBKH B TIPOEKIIIT Ha BICh Z:
ow oW, We oW ow 0
P 2w & ROy, e P
ot or r oOg oz oz

1)

oW, 1w, 1 8°w, oW,
+u S+~ t— St |
or ror r° op 0z

BpaxoByrour Takox IO z

=0, TO 3 ypaXyBaHHSIM OCTaHHIX NpHU-

MyIIEHb PIBHAHHS NPUIIMae BUA:
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2

or2 r or

oW, 1w
Z—p+y{ L= Z]:o.
Z

PiBHSHHSI KOHBEKTHBHOT'O MacOIIEpEHOCY BCepeInHI MeMOpaHu

ac, o ac, +Vﬁacp W ac,
ot or r o0 ? oz

r

@)

1 ac, 18°c, o°C

=D —i(r D)t —5 |
ror or r op 0z

B ymoBax naminapHoro pyxy piauau npuiimaemo W, =0, W, =0.

Omnip nepeHocy MacH 3a paxyHOK nudysii B HaIpsAMKy oci ¢ 1 Z Habarato

. . . oc, ocC, .
OIBIIMIA HIXK B HANPSMKY OCi I, mpuiiMaemo —— = 0; =0 — 1, TO-
op oz
i, pIBHSHHS IEPETBOPIOETHCS 10 BUTIILY:
oC 186 o0C
W, —2=D|==—(r—2)], 4
L oor [rar( 6r)J @)
abo
2
6C1,:R 6Cp+lan ' 5)
ot W, | ar? r or

Js BU3HAUCHHS PO3MOMINEHHS IBHAKOCTI W, MmoOmu3y BHYyTpil-

HBOI TTOBEpXHI MeMOpaHH CKOpHCcTaeMocsi MeToaukoro [7]. nst mporo
3aIUILIEMO PIBHSHHS PIBHS PyXY Y BUIIISI:

W, 1oW,) o
P A Bk ) (6)
or® r or o1
st naHoro piBHSIHHS TPaHUYHUMH YMOBaMH OYIyTb:
W, =0 mpu BCix r=r,,. @)

Po3p’si3aBuim piBHsiHHS (6), MA OTPUMAEMO PO3MOJINICHHS MIBUIKOC-
Tl B OTIepevyHOMY TIepepi3i MeMOpaHu:

w0 =L ). ®)
Y TerA
BukopucraBmm Bupas Ui BU3HAYCHHS 00’€My PiIUHH, SIKa IIPOXO-
JUTh 4epe3 IOIEepPeYHHd mepepi3s MeMOpaHM 1 3AiHCHMBIIM BiANOBIIHI
NIEPETBOPEHHS OTPUMAEMO BHPA3 I BU3HAUCHHS IPATI€HTY TUCKY:
op 8Gu

. 9
oz 7z'pr4 ( )

6H
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[TincraBuBIIM BUpa3 A BU3HAYCHHSA IPAli€HTY THCKY B PIBHAHHSA
W, (r) , OTpUMa€eMO HACTYNHE PiBHAHHS JUIsl PO3NOJIIEHHS MIBUIKOCTEH B

MOTIEPEYHOMY TIepepi3i MeMOpaHu:

2G
W, (1) =—(r} - r?). (10)
”prﬁ’H

3anumeMo piBHIHHS KOHBEKTHBHOTO MAaCOIIEPOHOCY Y BHTJISAL

2
oc, p(o*c, 14c,

or W

(11)

2 T
. oor r or

Le piBHSIHHS HAICXKUTH 1O TU(epeHIIiaTbHUX PIBHAHD MapaboIigHO-
O THITY.

D . .
3amumemo f(r,z) = VT , TOZ1 TIONIEPEIHE PIBHSAHHS MPEACTABUMO Y

BUTJISAIL:

o’c, 196,
o> r or

(12)

oC
L~ f(r,2)
. (r,2)

BpaxoByroun, mo ¢yskuis f(r,z) HemiHINHO 3a1eXnTh Bix KOOp-
JUHAT I 1 Z, TO ISt PO3B’SI3aHHS OCTAHHBOT'O PIBHSIHHS HEOOXIIHO BUKO-
PHUCTOBYBaTH HAOIIDKEH] a00 YHCIIOBI METOMH.

Po3nonineHHss KOHIEHTpaLiil OpraHivyHOr0 PO3YMHHUKA B MeMOpaH-
HOMY €JIEMEHTI OIUCYETHCSI PIBHSHHAM KOHBEKTHBHOI TUQY3ii :

oc, ac,, ac,, ac,, o’c, o*c, o°C,
=+ W, —=+W, —=+W, — R i ——
ox oy oz

ot oX oy oz
Jane piBHSHHS BHpaka€ pO3IOJIUI KOHIIEHTpaNili OpraHiqHOTO KOM-
TIOHEHTY B CEPEAOBHIL, SIKE PYXA€ThCs IIPH HECTAJIOMY TPOLEci Macoo0-

=D

. (13)

. . oC
MiHy. Ha HecramicTh mporecy BKasye CKJIagoBa — a—” sIKa MOKa3ye
1
3MiHy KOHIeHTpamii 3 yacoMm. [y IMIiHAPHYHOI CHUCTEMH KOOPIMHAT
nIpyruit 3akoH Dika BUIIIATHME:

dc, 8’c, 1oCc, 198°c, o°c,
2 T to T2
dt or ror r° op 0z
Po3mMilyemo cucTeMy KOOpAMHAT Ha IUIOIIMHI CUMETPIl SK MOKa3aHO
Ha PHUCYHKY |, BiCh Z HampaBIs€MO B3JOBX OCi EIEMEHTY. 3axady
PO3B’SI3y€EMO B IMIIHAPUYHII CUCTEMI KOOP/MHAT.

MacooOMiH HampaBlieHO B paialbHOMY HanpsiMi (B3I0BX OCi I), BiCbh Z
CyMiIIeHa 3 BiCCIO TPYOH i MACOOOMIHOM B3IIOBXK OCi Z HEXTYEMO, TOMY:

(14)

81



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

oC
Mo 15
— (15)
Ta
a*C
0. 16
p: (16)

Martepiar MeMOpaHHOTO €JIeMEHTY — i30TPOITHUA, TOOTO HOoro Biac-
THUBOCTI y BCIX TOYKaxX OJHAKOBIi. SIKIIO yMOBH MacoOOMIHY Ha BHYTpill-
Hill 1 30BHINTHIA TPaHUI]l MEMOPAHHOTO €IEMEHTY IMOCTilHI (0OcecuMeTpu-
YHi), TO TOJI KOHIICHTpAIlis HE MMOBHHHA 3MIHIOBATHUCH TaKOX B3IOBXK ¢,
TOOTO Tpadi€HT:

QEQL::O 17)
op
Ta
o%c
=0, (18)
op

3 ypaxyBaHHSM LbOTO, PIBHSHHS MacoIllepeHoCcy B MeMOpaHi Ipuii-
Mae B
2
oC 0°C, 1oC,

M — D +_
ot oré r or

(19)

I'eomerpuuHi Ta (i3UYHI YMOBH OJHO3HAYHOCTI. 3alMIIEMO T'€OMET-
puuHi Ta Gi3ndHI yMOBH, SIKi XapaKTepH3yIOTh BIATIOBIHO GopMy 1 po3mipn
obunacri, B sKiii BIIOYBAa€ThCsI KOHKPETHUI Mpollec MEepeHocy Ta (i3udHi
BJIACTHBOCTI CEPEIOBHIIA 1 TX 3MiHY B 3aJICKHOCTI BiJl TapaMeTpPiB MPOIICCIB.

MemOpanH#uii eneMeHT Mae (popMy TOPOKHICTOTO IIUTIHAPA, CHMETPH-
YHOT'O BiZIHOCHO OCi Z ,i3 30BHIIIHIM PajiiycOM Usoq, BHYTPIlIHIM U4y, TOBXKH-
HOO L (L >> ;04 ). Tak ik MEMOpAHHUI €IEMEHT Ma€ MATIHAPUIHY (HOpMY,
TO JUIs OTO OMKUCY BUKOPHUCTOBYEMO LIMIIIHAPUYHY CHCTEMY KOOPJHMHAT: BiCh
Z— BiCh CHUMeTpii, BiCh I' CIiBIIala€ TI0 HANPSIMKY 3 PajiycoM, a Bich ¢ —
BICh 00EPTaHHS HABKOJIO BJIACHOI OCI IWITIH/pa (KYyTOBa KOOP/MHATA).

I[Ipu QopmymoBaHHI MaTeMaTHYHOI MOJENi MPUHMAEMO HACTYITHI
MPUITYICHHS:

1) BHyTpiHi# 00’€M MEMOPAaHHOTO EIEMEHTY MOBHICTIO 3alMOBHEHHI
BHXIiTHUM PO3UYHHOM;

2) pyX piAMHHM, NIO 3HAXOAUTHCS BCEPEAWHI MEMOPaHHOTO €IEMEHTY, €
JTaMiHApHUM; TIPOQLITb MBUIKOCTEH MOBHICTIO PO3BUHEHHM;

3) mpoitec BiAOYyBAETHCA B i30TEPMIYHUX YMOBaX;

4) TeTUTOBHIA TIOTIK i MOTIK MacH HalpaBJeHi B3MOBK OCi I;

5) rpamieHTH TEMIEpaTyp i KOHIIEHTpAIIiH B HAMPSAMKY ¢ BiICYTHI;

6) memOpana Mae peryJsipHy CTPyKTypY.
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Touamxkosi ymosu. POpMyIIIOBaHHS IOYaTKOBUX YMOB IIOJISTAe y
BHU3HAYCHHI 3aKOHY PO3IOMALTY KOHIEHTpAIii BCEpEOHI TOTOKY PiIHA B
MeMOpaHi B 3aJIeKHOCTI Bil BUCOTH MEMOpaHH.

ToOTO MOYaTKOBI YMOBH 3aIIHCYIOTHCSI HACTYITHUM YHHOM:

2=0,C=C,,; (20)

r :0,£=0; (21)
or

r=r,,C=C* (22)

ne C,, — T0YaTKOBa KOHIEHTPAIIisl OPraHIqYHOr0 KOMIIOHEHTy, C* — piB-
HOBaYKHA KOHIICHTPAIIiS.

I'panuuni ymoeu. I'paHnvHi yMOBH JUIS MacOOOMIHHOI 3ajadl po3r-
JSINAIOTBCS Ha BHYTPIIIHIM Ta 30BHIIIHIA MOBEPXHAX MeMOpaHH MeM-
OpaHHOro eneMeHty. [ JaHuX YMOB 3alal0ThCsl KOHIICHTpAIlii OpraHiy-
HOI JIOMIIIIKM Ha TPaHUII CEpeIOBHII 1 3aKOH MacOOOMIHY Mk IOBEPXHEIO
TiJa 1 30BHINIHIM CEPEIOBUIIICM.

Bpaxosyroun, mo

mpu r=r cC=C*

6H

. (23)
npu r=r_ . C= Czp
MOJKHA BUPA3UTH NPOIIECH MaCOOOMIHY Ha TPaHHMIIl PO3IOILITY:
mpu r=r B,(C,, —C*)=-D C.
6H P DH M
or L, (24)
* oC
opu =, c,-C,.)=-D,6—*
p 306H IBHF ( 2p 2 ) or J

ne B, — KoedilieHT MacoBiauayi BUXiAHOT cymimi, m/c; B — Kkoedi-

IIIEHT MacoBIAAaYl mapora3oBoi cymimr, m/c; C = — KOHIIGHTpaIlis opra-

pH
HIYHOT TOMIIIKY Y BUXiHiN cymimt, kr/m®; C ,* — KOHIEHTpallisl OpraHi-

4HOi MOMIMIKM HA BHYTpIlIHifl CTiHII MEMOPAHHOTO EIEMEHTY, Kr/m";

C,, — KOHLCHTpALlisl OPraHiYHOI AOMILIKK Ha 30BHILIHIH CTiHLI MeMOpaH-
HOTO enieMeHTy, Kr/M% C,, — KOHIEHTpALlisi OPraHi4HOi JAOMILIKHU y 11aro-
pasoBoi cymiu, kr/m% D, — koediuieHT audysii opraHiuHOi AOMilLIKH B

matepiani Memopanu, M?/c; C » C,, — KOHIIGHTpALlisl OPraHiYHOI JIOMIIIKH

B JaHii Touli y cyminti a0 MeMOpaHi BiMOBiAHO, Kr/M®> .
OcTaToyHO MO/IENb MEPBAIOpALlii MOXKHA 3aIIMCAaTH HACTYITHUM YHHOM:

2
oc, D,(o°c, 10C,

W ; (25)

2 7
;L or r or
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C 2
a M — D,M a C.W + E aC.l’I ; (26)
ot or> r or
2=0,C,=C,,; (27)
oC
r=0, —%=0; r=r,, C, =C* (28)

or

or
ocC,,

or

fpu I=T,, ﬂp (CP” - C*) = _DM ai

(29)

npu I = r:m(ﬂ-t ﬁHF (Czp - an ) = _DM

Po3p’s3aHus piBHSHE (25)-(26) pr modaTkoBUX yMoBax (27)-(28) i rpa-

HIYHHX YMOBax (29) 103BONUTH BU3HAYHUTH PO3IIOAUT KOHIICHTPALIH y TOTOI
PiOMHH, SKa IPOXOJUTH B MEMOpaHi, a TaKoXK 110 TOBIMHI MEMOpaHH B 3aJie-
’KHOCTI BiJl po3MIpiB MEMOpaHH, PeXKUMIB PyXy BHXIJIHOI Ta aporasoBoi cy-
MillTi, KOHIIEHTpAIii OpraHivHOi IOMIIIKY B BUXI/HII Ta Maporazosii cyMili.

Bubip memoody pose’szanns. JIns po3p’si3aHHS PIBHSAHHS KOHBCKTHUBHOI

Judysii B piakii dhasi BHOepeMo METO CKIHYCHHUX Pi3HULb (PHC. 2).

84

Ar

s|&

Puc. 2. Cxema 00 mMemoOy cKinueHHUX pizHuyb

Poszmumremo otpuMaHe piBHSHHS BiIIOBITHO 10 IIEOTO METOMY:

Si =CimUi =Cimis (30)
i=2n0 N (31)

U, -G S, —25; +5; 1S,,,-5
i i f(l’-,Z ) i+l i i-1 += i+1 i 32
= 2 [ ot ar (32)
i=1lmo N (33)
u, =A—Zf<n,zm)[si+1—zsi +si1+£(si+l—si)j (34)

Ar, h
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i—1 (35)
D Ar *
U; =U;,Cyy =—"—(C, -Cy). (36)

pio Alyen

Juis peamizariii MaTeMaTHIHOI MOZETIi BUKOPHUCTOBYEMO CEPEIOBHIIE
Qbasic. st 110T0 CIIoYaTKy 3a1a€Mo PsiT IOYaTKOBUX JTaHUX — Koedirri-
€HTH MacoOBiJadi piIHMA Ta Mapora3oBoi cyMimn; koedimieHT audysii B
MOJiMepi; TYCTUHY MaTepially MeMOpaHu; KOHIEHTPAII0 BUXIJHOI peyo-
BUHHM B CyMIllli; BUTPATH CyMillli, JiaMeTp Ta TOBIIMHA MEMOPaHHOTO eJie-
MeHTy. B Tini mporpamu 3amucaHo ¢GopMyJiu BU3HAYECHHS KOHIIEHTpALil
OpTaHiyHOI JOMILIKH B pianHi Ta B MeMOpaHi. Came 1i popmynu € BU3Ha-
YHHMH, 1 TAFOTh MOKJIMBICTh TIOKA3aTH PO3IOALT KOHIICHTPAIIiH.

[IpoBiBIM po3paxyHKH 3a JOIIOMOT'OI0 TIPOTpaMH, peati3oBaHoI B cepe-
noBuii Qbasic, 6aunumMo 110, PH PI3HOMY HACHYEHHI (ITOYATKOBIN KOHIICHT-
patiii) OpraHiYHOI0 PEYOBHHOIO MEMOpaHM OYMIIECHHS O TPAHUYHO JOITyC-
THMOTO PiBHS BiTOYBa€ThCS 3a Pi3HI MPOMDKKH Yacy. 3alIeXHICTh 4acy BHII-
JIeHHs (KUTBKICTh IPOXOIB Yepe3 MeMOpaHy) Bil HACHUSHHS MeMOpaHH (T10-
4aTKOBOI KOHIIGHTpaIIii ) ToKa3aHi Ha Tpadiky(pucyHok 3 a, 0).
50
45 1+
40
35
30 vy
25
20
15
10

5
0 T

e

KoHuenrpauis , opranigsoi
JIOMITITKH, MT/TT

0.00025
0.0005
0.00075
0.001
0.00125
0.0015
0.00175
0.002
0.00225
0.0025
0.00275
0.003
0.00325
0.0035
0.00375
0.004
0.00425

Puc. 3, a. Po3nodin konyenmpayii opeaniynoi 0omiwKu y cymiwi ma mamepiani
memobpanu (npu 100 npoxodoicenni 6uxionoi cymiui uepez memopany)

1400
1200
1000 \
800 \\
600
400
200 N

0 T T T
0 10 20 30 40 50 60

MOYaTKOBA KOHIIEHTpaLlisl y MeMOpaHi, MI/JI

N

 d
ad
7
4

MeMOpaHy

KinekicTs npoxozis gepes

Puc. 3, 6. 3anescnicms Kinvbkocmi npoxo0ia uepez memopauy
810 NOYAMKOB0I KOHYEeHMpayii 6 MemoOpani
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BucHoBKH.

Bymo npoBeneHo TeopeTHYHE AOCHTIHKEHHS MacOOOMiHY MPH BUKOPH-
CTaHHI IepBanoparii (4epe3 HemopUCTy HMITIHAPUIHY CTIHKY MeMOpa-
HU) /sl BUAUIEHHS OPTaHIYHHUX JOMIIIOK i3 BOAHO-OPTaHIYHOT CyMillIi.
[ToOymoBana MaTeMaTHYHa MOJIENb OMMUCYE MAacOOOMIHHY OOCTaHOBKY
B amapari Mg 9ac po3AUICHHA BOTHO-OPTaHIYHUX CyMimied. Monenb
BPaxoOBYE€ BCi OCOOIIMBOCTI MPOLIECY.
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DEFINITION OF BOUNDARY AND PHYSICAL
CONDITIONS OF THE MATHEMATICAL MODEL
OF MASS EXCHANGE IN THE APPARATUS DURING
SEPARATION OF AQUATIC-ORGANIC MIXTURES

The authors developed and improved a mathematical model that de-
scribes the mass transfer situation in the apparatus during the separation
of water-organic mixtures and shows the pervaporation processes occur-
ring from the process of desorption of components from the membrane
element taking into account the mutual influences of process characteris-
tics on environmental characteristics. The influence of external factors
for temperature calculation is taken into account. A solution of the corre-
sponding model problem was found using the equation of motion for a
fluid in the middle of a membrane under conditions of laminar motion.
The results of calculations of the distribution of the concentration of or-
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ganic impurities in the mixture and the membrane material are presented.
The dependence of the number of passes through the membrane on the
initial concentration in the membrane was investigated. The possibility
of determining the distribution of concentrations in the flow of liquid
passing through the membrane, as well as the thickness of the membrane
depending on the size of the membrane, modes of movement of the
source and vapor-gas mixture, the concentration of organic impurities in
the source and vapor-gas mixture. The constructed mathematical model
takes into account the geometric and physical conditions that character-
ize, respectively, the shape and size of the area in which a particular
transfer process and the physical properties of the environment and their
change depending on the process parameters. The finite difference meth-
od is chosen to solve the convective diffusion equation in the liquid
phase. Mathematical modeling clearly demonstrates the effect of factors,
but, in turn, does not reduce the impact. Taking into account the initial
conditions and boundary conditions will determine the distribution of
concentrations in the fluid flow passing through the membrane, as well
as the thickness of the membrane depending on the membrane size,
modes of movement of the source and vapor-gas mixture, the concentra-
tion of organic impurities in the source and vapor-gas mixture. Mathe-
matical modeling of heat and mass transfer inside the apparatus to de-
termine the concentration field of the organic component and identify
factors that affect the rate of separation of organic impurities.

Key words: mathematical model, pervaporation, membrane, organic
impurities, membrane apparatus, model fluid, convective diffusion.

Otpumano: 20.10.2021
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C. A. IlookaeHKo, 1-p TEXH. HAYK, Tpodecop,
. A. JIuck, acipaHTka

JepxaBauii yHiBepcuTeT «Onechka nomrexHika», M. Oneca

MOAENMIOBAHHA XBUITbOBUX NMPOLIECIB
Y FA30OPIOUHHUX CUCTEMAX

B tepMiHax rigpoIuHaMiqHOI Teopil reTepOreHHUX CHCTEM PO-
3TIITHYTO MOXIIMBOCTI MaTeMaTHYHOTO ommucy ((popmanizarii)
MPOIIECCIB TUHAMIKH Ta30piqUHHUX JBO(da3HUX cucteM. [Ipu 1po-
My, Ha HiJICTaBi BpaxyBaHHs e()eKTy iCHyBaHHsS HEPO3UMHEHHX Oy-
np0amok ra3y y He 30yIDKeHIN pifuHi, Tak 1 y piguHi, IO 3a3Hae
30BHIIIHBOTO BIUIMBY 3 YTBOPEHHSIM XBHJIBOBOTO PYXY, 3aIlpoIo-
HOBAaHO MaTEeMaTH4YHi MOJIeJb NUHAMIYHUX CTaHiB Ia30piIUHHUX
nBo(asHUX cHUCTeM. AKTyalbHICTh TAKUX MOJENICH MOJrae B TO-
My, 110 JBO(a3HI MOTOKH ABJSIOTH COO0I0 OCHOBHE «pOOOUE TIION,
30KpeMa, B CHEPreTHYHHX YCTAHOBKax Ta arnaparax XiMiqHOI TeX-
HOJIOTi{, a po0odi IpolecH B MeTaIypriiiHii, HadhTOOOOYBHIH Ta
HadronepepoOHiii (B T. 4. HaGTOXIMIUHIH) IPOMUCIIOBOCTI, B Kpio-
TeHHHX araparax CyNpOBOKYIOTHCS YTBOPEHHSIM HapOpiANHHUX
cucteM. B 3B’s13Ky 3 IIMM, HasBHICTb aJ€KBaTHUX MaTeMaTHYHHX
MoieNielt TUHAMIKK [UIsl CepPeIOBHILL, SKi PO3JISIAI0ThCS, 3aCHOBA-
HUX Ha BpaxyBaHHI 3aKOHIB 30epexeHHS (MacH, IMITyJIbCY Ta €Hep-
rii) Ta IPUOATHUX [UIA 3aCTOCYBAaHHS y 1H)KEHEPHHUX PO3paxyHKax,
CIIil PO3MIIAATH SIK HepeBary Haj eMIIpHYHUMH MOJEISAMH, IO
3a0€3MeUyI0Th 3aI0BUTbHY TOYHICTH PO3PAaXyHKIB JIMIIE B 0OMEKe-
HOMY Jiala30Hi TEXHOJOTIYHUX HapaMeTpiB i aOCONIOTHO HENpH-
JAaTHUX JUIS TO3AIUTaTHUX Ta aBapiiHMX pexwuMmiB. [IpoBenenuit
aHaJIi3 PO3MOBCIO/KEHHS XBUIILOBUX IPOLECIB y Ta30piAHHHOMY
CepeIOBUI Ha OCHOBI I'€TEPOreHHOrO NMPEACTABICHHS (i3MIHUX
SIBUI B HHOMY MOKa3y€ aHAJIOTIYHICTh TPaAULIHOMY Ta30AnHaMI-
YHOMY HiIXO0/y, ajne, TUM He MEHII, Ta30piIMHHA CYMIIl Ma€ MeBHi
ocobmmBocti. [lepex yciM e CTOCYeThCsS HAsBHOCTI Tak 3BaHOL
«OynBOAIIKOBOI» CyCIIeH3il, sika BU3HAYAa€ CYTTEBY HEINiHIHHICTH
JMHAMIYHOTO PEKHMY y Ta30piAMHHUX CepPeIOoBHIIaX, 0 CIPHIH-
HEHO MOXKJIMBICTIO CTHUCKaHHS ABO(A3HOI CHCTEMHM TiJ BIUIMBOM
30BHILIHBOTO BIUIMBY (THCKY i3 30BHi). HacnigkoM octaHHbOrO €
HU3bKI 3HAYEHHS MIBUIKOCTI 3ByKa, COPHYMHEHA 3aJICKHICTIO Bif
THUCKY, OCOONMBO Ha MUITHKaX HOTO 3pOCTAaHHA. 3amporoOHOBaHi
MOJIEITi € IOCTaTHRO 1H()OPMATUBHUMH, IO JO3BOJISIE POOUTH BU-
CHOBKH CTOCOBHO MOJMJIUBHX MEXaHI3MIB HepeOdiry IMHaMIidHUX
MIPOLECiB y TA30PIIMHHNX CEPEeIOBHUINAX, Ta IPOTHO3YBAaTH IOJa-
JIBIIUE TX PO3BUTOK 32 YMOBH ampiopHoi iHdopmalii npo ra3oau-
HaMIi4Hi XapaKTePUCTHKHU peasIbHOI IBO(A3HOI CUCTEMHU.
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KurouoBi ciioBa: cazopiounni cymiwi, 06oghasmi cucmemu, 6y-
b06awKo8i cycnensii, X6Uunvbo8i npoyecu, mMamemMamuyna Mooens,
HeNiHItHI ma yOapHi Xeuji.

Beryn. XBuitboBi nporiecy B MeXaHilll JBO(a3HUX CUCTEM 3aiiMaroTh
0coOIMBe MICIIe, OCKIIBKM HAHOIIBII SICKpaBO e(EKTH HEOIHOPiTHOCTI
MIPOSIBISTIOTHCS MIPU PO3MOBCIOIKESHHI XBUIIb, @ 3 IPYroro OOKy, aKyCTHYHI
XBWIII B TAaKUX CHUCTEMaX — HAWOUIBII MOCSKHWA Ta eEeKTHBHUH cIoci0
BHUBYCHHS CTPYKTYpPHU caMmoi 1BO(a3HOI CHCTEMH.

CepenoBuiie, B IKOMY IIBUAKICTH PO3MOBCIOKEHHS 30ypeHb 3ajie-
JKUTPH BiJl 9aCTOTH OCIWJIAIIIN, MOKHA BBaXkaTH oucnepeyrouum [1, 2]. Ta-
Ky BJIACTHBICTh MAlOTh Ta30piJuHHI cyMimi. HalinpocTimoo 3MicTOBHOIO
MOJICJIUTIO Y TaHOMY BHUIIAJIKY € ifieajbHa, B IIUJIOMY Taka, 1o nepedyBae y
CIIOKOI0 Ta HeoOMekeHa y 00’eMi piJuHa, 3 PIBHOPO3MOIUICHUMH Y Hill
ra3oBUMH OynbOamikamu, siki 30epiratote Macy ta cepuuny dopmy. by-
JTH0AIIKK IPU [[bOMY IepeOyBaloTh Ha JOCTATHHOMY Bi/IIaJIeHHI OJJHA BiJ
OJTHOT, TaK [0 HEBU3HAYEH] CTUKAHHS BiJICYTHI.

Ha nanwit gac B nmiTepaTypi BiICYTHI aJeKBaTHI MaTeMaTHIHI MO
(MM) xBHIBOBHX TIpoIIeciB ABO(a3HUX (Y BHIIAAKY, IO PO3TISIAETHCT —
ra30pilMHHUX) CHCTEM, a y IHKCHEPHHX pPO3paxyHKaxX 3acTOCOBYIOTH,
31e0INBIIOT0, eMITipHYHI MOJeNi, SKi MaloTh IOCUTHh BY3BKHH Iiala3oH
3aCTOCYBaHHS, 110 0OMEKYETHCS PErITaMEHTHIUMH PEXKHUMaMH pOOOTH TeX-
HOJIOTIYHUX amapaTiB, i € 30BCiM HEPUAATHIMH IS OITMCY HEIITATHUX Ta
aBapiifHUX PEXKUMIB.

Meta podorn. Pospobka MM XBMIIBOBHX MpOLECIB y ABO(A3HUX
(ra3opiIMHHNX) CHCTEMaX, 110 0a3yl0Thes Ha CTpOTid opmanizarii Maco-
OOMIHHHX SIBHII, SIKi CIIOCTEPITaIOTHCS y X CHCTEMaX, Ta OPIEHTOBAHHUX
Ha 3aCTOCYBaHHI y SIKOCTi MOJCIIBHOT HmTpMMKH lHCTp}IMeHTaJILHI/IX mpo-
rpaMHHUX 3ac00iB (IH3) NpU aBTOMATH3Aalil TEXHOJIOTIYHUX OIeparii y
nepepoOHUX Ta XIMIUHIH raay3sx BUPOOHHIITBA

OcHoBHa yacTHHA. 3anpornonyeMo MM HaiOUIBII MOMIMPEHNX BU-
MaJIKiB iCHYBaHHS ABO(A3HUX TA30pPIAMHHUX CHCTEM, NPUTAMAaHHHUX TEX-
HOJIOTIYHUM TIporiecaM y HaTom00yBHIN, HAQTOXIMIYHIH, METaTypriiHIA
Ta IHIIUX Taxy3ell BUpOOHUITBA, IS AKUX (IIPOIIECiB) XapaKTEPHO YTBO-
PCHHSI Ta CTilKe iICHyBaHHS HEPO3UMHHUX CYCIICH31MH.

1. Iunamiuna mMogesan 0yab0amkoBoi cycnensii. EQexrusHi paniy-
CH NIPHEJHAHUX Mac PIAMHM MEHIIE BiACTaHI MiX OyibpOanikamu, i B3aeMo-
Iist BiIOYBA€ETHCS JIUIIIE Yepe3 mojie THCKiB. ToMy piBHSHHS TiApOAWHAMIKA
MOYKHA 3aMKHYTH PIBHAHHAM Pernest it ocumisLiit oourournoi 6yivbauxu y
HeoOMexxeHOMY 00’eMi ieabHOI PiiHMN, TIPUHHSBINN IPHUITYIICHHS 00
MOYJTMBOCTI 3aMiHM THCKY Ta HECKIHYEHOCT! THCKY cyMimi. Takum 4uHOM,
CHCTeMa DIBHAHB, 10 OIMCYIOTh PO3IOBCIOKEHHS 30ypeHb CKIaIacThes 3
PIBHSIHB PYXy CYMIllli Ta PIBHSHHS OCLIJISILIT OyJIb0AIIoK
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MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

oP ou ou
—+p| —+u—|=0; 1
OX p{ ot ax] @
oP o
e ?)
ot ox
d’R  3(dR)’
R—-+—-|—| |=P,-PR, 3
Plli at? Z(dt]} 2— N 3
ne P — THck, mix kUM nepeOyBae ra3opiJiHHa CyMill, U — IIBHJKICTB
pyXy rasopigMHHOi cymimi, R — pagiyc Oynabbamok, p; — TIycTHHA
(i=1,2, nme immekcy 1 BigmoBimae piguHa, a iHgEKCy 2 — Tra3);

p=(1-¢)p, +pp, — ryctuHa cymimi, p; =const (¢ — 06 eMHmuii
Ta30BMICT).

Bnactusicts ctuckanus cyMimn y MM (1)-(3) BU3Ha9a€eThCS BIACTH-
BICTIO CTHUCKAHHJ Tra3y, SKuil mepedyBae y OympOamikax, a OCHMIISIIL paii-
yca Oymp0amok R BH3HAYAETHCS IHEPINEIO MPHEIHAHOT MAacH PiTUHA Ta
pizHHIEI0 THCKIB AP =P, — R,

[Ipn nocraTHRO BeMUKOMY 4HCHi Oyiap0amok MOKHa MPUUAHATH Ta-
KOX, IO IX YHCJIO B OJMHHUIN Mach cyMinn N 3alHIIaeTbes MOCTIHHUM.
Toxi 06’emM ra3y B oguHHII Macu cymimi V , paxiyc Oynpbamok R, ryc-
THHA CyMiln p , 00’€MHHHA Ta30BMICT ¢ Ta MAacOBHH Ta30BMicT X
3B’S13aHO CITIBBITHOIICHHSM [ 3]

pt=V+(1-X)/p; V =§;;R3N cp=Vp; —dp/dt=p’dV/dt. (4)

SIkIo aMIuTiTyIa OCIMIIALIHN pajiycy Oyap0amok mMasa, mo Mae Mic-
1€ MIPU aKYCTUYHUX 30YPEHHAX, MOKHA 3alHCATH

SR<<R,; 6P <<PRy; dV = 4zRINdR,
dR_ (R |dp. d’R__ RS d% )
dt 3pope ) dt T dt?  3pppy dt?

Inpexcom 0 BigMiueHO 3HAYECHHS apaMeTpiB y He 30y DkeHOMY (BH-

ximHoMy t=0) crani. Y npoMy HaOJMWMKCHHI y3arajdbHCHE PIBHSHHS -
HaMiku Oynme0amIoK y ineanbHil pianHi Ha0yae BUTIITY

Ry d’p Ry [d_p

3p, dt®  6pfp, \ dt

oP,=P,-Ry; 6P=P-Ry; Py =P —P, — Tuck y He 30ymkeHiii cy-

2
j +0P, =5P,, (6)

Miwi. Tuck razy y Oynp0Oaniii 3MiHIOETBCS 110 MOJITPOIT
n n
PV, = onvzu : (7
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[Toka3HUK CTYIEHIO, SIKUil TIpHiiMae 3HaYeHHs (y 3aJIe)KHOCTI Bif iH-
TEHCHBHOCTI TeINIOOOMiHYy Mik OynpOamkaMu Ta PiIMHOK) OT
n=y=Cp /CVZ mo n=1 (ze Cp Ta C, — BiANOBiAHI OCLMIIALLD).
OCKUTBKH TEPMIYHUH OTIip PIIMHN 3HAYHO HIKYE TEPMIYHOTO OIOpY rasy,
TO CTYMiHb a11a0aTHYHOCTI MPOIECY 3aNeKUTh NPAKTHYHO TUIBKHU Bif Te-
IUTOTIPOBLAHOCTI Ta3zy Ta paxiycy OynbOamiok. 3a3Bh4ail iCTOTHE BiImxH-
JICHHS BiJ| a/11la0aTHYHOCTI CIIOCTEPIracThCsl TUIBKU y OyJIBOAIIOK iHEepT-
HUX ra3iB. Hapam npuiimemo n=y .

JIns Manux BiIXWIEHb BiJl TOYATKOBOrO CTaHy 3 TOYHICTIO JI0
2
(é‘VZ/VZU) 3 (7) oTpumaemo

5Py = =Py 8V, V5, )+ 0,57 (1 +1) Py (8V, IV, ) : (8)
Ilepexomsun  Bixm o6V, Jd0 Jp 3 ypaxyBaHHaMm (4)
SV, [V, ==5p /(Po@o ) » 3ammmenmo (8) y Burmszi

(r+1)ch
2 po@y

Je Cy = 1/7/Po / PoPy — HU3BKOYACTOTHA WIBUIKICTH 3BYKY y OyibOariko-
BOMY CEpPE/IOBUIILI.

Takum grHOM, TpeTiil WwieH piBHAHHA (6) MICTUTH HENIHIHHICTD, SKa
CYTT€EBO INEPEBHIIYE 32 3HAYCHHSIM TipoAMHaMIuHy He JiHiHHicTh B (1). 3
ypaxyBaHHIM JOMiHYIOUOTO 3HaUYEHHs «OyIb0amIkoBoi» HEMiHIHHOCTI [4-
6] nepenumemo piBHAHHA pyXy (1) y JiHeapr30BaHOMY BHUTJISI

du 1 oP d dp . ou

5P, =ciop + (5p)%, )

—_—=——— =0, (10)
dt £o " ox dt 0 ox
a B (3) mepeiineMo 70 TyCTUHH CyMIiIITi
q2
2f, d—2p+c§5p+ Be (9p)° = 6P, (11)
t

ne fiy = R3 [6y (1=0 ) B =(r +1)/(2p000) -
BupanuBmm mWBUAKICTD TUIMHY cyMimi 3 piBHsHB (10)
o2 *p _ o°P P_
ot? ox?

JBidi BUKOHaBUIM audepenuitoBanHs (11) 3a yacom, BHKOPHCTOBYIOYH
(12), orpumaemo

(12)

4 0% (sp?
VST B DR LA il NPSRe
ot ox OX ot ot
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[epummit unen piBHsaHEA (13) BimoOpakae BIUIMB iHEpLii piAWHU Ta
CIPUYHHSE 3aIEKHICTh MIBUIKOCTI 3BYKY BiJl YaCTOTH HAKJIaIeHOTO 30y-
JUKCHHS, OCTaHHIN WIEH BU3HAYa€ HENIHIMHHI BIaCTHBOCTI OyIb0amkoBoro
cepenoBumIa. SIKII0 IUCTIEPCIHMI Ta HENMHIMHNN eeKTH Malli, TO B IKO-
CTi mepmoro HaOMIKEHHS OTPIMYEMO BiIOME aKyCTUYHE PiBHAHHS [7]
o%p , 0°P
—=-ct—-=0,
ot? ox?

110 LIJIKOM 33JI0BOJIbHSIE TOYHOCT] IHKEHEPHHUX PO3PAXYHKIB.

2. TlunamivHa MoJeJIb JJIsl cepeloBUINA 0e3 qucnepcii eHeprii. Y
Oirydiif XBWii THICK Ta TYCTHHE y TEpIIOMY aKyCTHYHOMY HaOJVKEeHHI
3B’3aHO CITIBBIIHOLIEHHSIM

2
oP =cyop. (14)

SIKIIO ySBUTH, IO B CUCTEMI KOOPIHUHAT, SIKAa PYXa€ThCs pa3oM i3
XBHJICIO, CHTHAJI, 32 paXyHOK IIPOsIBICHHS e(eKTiB Aucnepcii Ta He JiHik-
HOCTI JiepopMy€EThCS Mo, TO CIIiJI 3aMIHUTH, Y OCTAHHBOMY HEJiHIHHOMY
wieni piBHsHHA (13) Sp Ha SP y Bigmosimnocti mo (14), B pe3ynbrarti
YOT0 OTPHUMAEMO HACTYIIHE PiBHSHHS

2 2

o°p ,0°P B 9°(¢p) o*P

2 0T T 2 =0 (15)
ot oX° ¢ ot ot ox
sIKe MOYKHA OTOTOXKHUTH 3 HelliHiitHIM piBHSHHAIM Byccinecka [8]. Ocran-
HE, Ta HOTO aHAJIOTH, HA MMOTOYHHH Yac € HaHOUThII e(PeKTHBHIMHU MOJE-
JSIMH IOAO ONHCY NPOLECIB PO3IOBCIOKEHHS XBWIIb B CEPEIOBHIIAX 3
JMUCTICPCIHHUMU Ta HEJIHIHHUMU BIIACTHBOCTSIMHU.

VY kaHoHi4Hi# (opmi piBHsHHS BycciHecka HaOyBae BUIISALY

o?p  ,o°p _ 0% (6P) o'p

2 G 3 7 2k

ot OX Ox ot ox

[Ipu 3aMiHi B MaOMy AMCIIEPCIHHOMY WIEHi APYyroi moxigHoi mo t y

BIJIMOBITHOCTI 3 aKyCTHMYHUM PIBHSHHSAM MOXKHA OTpUMATH iHILYy (opmy
piBHsiHHS Byccinecka

0. (16)

2
%P L, %P _0d%(oP o*P
_Z_CS_Z_B(—Z)_Z'BOC(?T:O' (17)
ot OX OX OX

XBWIBOBI WIEHH LILOTO PIBHAHHS MOXKHA IIEPENUCaTH y BUIIISII

o’ ,0°P ofoP
0% ala k) el a0 e

SIKII0 XBHJISI PO3MOBCIOKYETHCS B OJIMH OiK 1 CITa0KO0 1ehOpPMYEThCS

B CHCTEMI BiJUTIKy, IO PyXa€ThCs 31 MIBUIKICTIO Cj , TO 8/ ot =—c, 8/6X .

A TCA (B TR

BimnosigHo piBHAHHS BycciHecka MOKHA IEPETBOPUTH Y HACTYITHE:
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oP oP 1 oP a%p
T, T L sp g, -
ot X 20yp0Cy X ox? ot

0 (19)

a00, 3HOBY CKOPHCTABIIKCH CIIIBBIXHOLICHHSIM 0/0t = —Cy 0/OX , IPUBECTH
JI0 PIBHAHHS HACTYITHOTO BUIY
oP oP y+1 &SP oP o%p
—HC T C———+ S5 =
ot ox 2y Py oOx ox“ ot

B cucremi koopauHar t, &= x—Cyt piBHAHHA (20) nepenuumeTsCS y

0. (20)

BUTIAIL
P 1 0P oP p
a—+&-a—co8—+ﬂocoa—=0 (21)
ot 2y PR o0& o&d
abo y 6e3po3MipHiit popmi
_ _ -
@H:T@JFM.Q_O (22)

or  a& 12U, o8&

B sxocTi MaciuTabiB TyT npuiinsro: |y, 6P, — IIMpHHa Ta IHTEHCH-

. . 1 6P
BHICTh (aMILTITY/]a) MOYaTKOBOTO 30ypeHHs; U, = yZL'P_OCO — Maci-
e 0
TaOHa BUIKICTD.
Sanumemo (20) y niHiiHIl Gopmi
ou ou ou
—+C—+L——==0; B=L,Cy, 23
R ﬂ6x3 B = PoCo (23)

Ie co = \/(yPO ) / [ P00 (1- 9, )] — ajiabaTHyHa MIBUAKICTH 3BYKYy. OO6-

YUCITUMO IHCIIEPCiiiHe CITiBBiTHOMICHHS, PEACTABUBIINA PO3B 30K y BH-
TSI MOHOXPOMAaTHIHOT XBHIIL

u=Aexp[i(kx-ot)], (24)
ne k=2m/A — XBHIBOBE YHCIO, A — JOBXHHA XBHJ, @ — 4acrora
PO3MOBCIOKEeHHS XBUITi. OTpHMaeMo

—iw+icok —ipk® =0; w=cok - pk°. (25)
da30Ba Ta rpynoBa MBUAKOCTI XBHIII BU3HAYAIOTHCS (hOPMyTaMU
¢, = wfk=co— k% ; ¢, =dw/dk =c, — 3k’ (26)

3anexHICTh (Ha30BOi MBUIKOCTI BiJl YaCTOTH MOXKHA 3aIFICAaTH y BU-

IS @ = Cy /(co -y ) / £ . Bona xapakrepusye nucriepciiiHi BIacTHBOC-

Ti OynBOAIIKOBOTO CEpeOBUINA, SKi CIPUYMHSIOTH MMOSBY LiKaBUX edek-
TiB TIPH PO3IIOBCIOKEHH] 30ypeHb. 30KpeMa, B CUCTEMI, sSIKa XapaKTepH-
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3Y€EThCSI TUCTIEPCIER0, KOXKHA 3 KOMITOHEHT DYphe IOBUILHOTO MOYATKOBO-
TO IMITyJIbCY PO3MOBCIOJKYETHCS 3 BIACHOKO IIBUAKICTIO i popma curHa-
JIB 3MIHIOETHCS y MIPOLIEC] PyXY.
Posrmsnemo xumio f = Acos(kx — wt) , sika mporpecye. YsBimo, mo
B CEPEIOBUILI PO3MOBCIOMKYIOTECS 30ypeHHs f; 3 XBUILOBUM 4YHCIOM
k,=k+Ak Ta f, 3 xBuiboBuM uucioM Kk, =k—Ak, a pucnepciiine
cniBBigHONIeHHs Mae Burmsn @ =W (k). Toxi
w+Aw=w+Ak-(dW/dk), Aw=cAk, (27)
aupasu ana f; Ta f, 3anMIIyTBCA HACTYIHUM YMHOM
f, = A[cos(kx—wt)cos(Ak(x—ct))—sin(kx—a)t)sin (Ak (x—ct))] , (28)
f, = A[cos(kx—wt)cos(Ak(x—ct))+sin (kx — @t )sin ( Ak (x—ct))] . (29)
Cynepro3uiisi UX JBOX PO3B’SI3KiB Ma€ BUTIIS
f, + f, = 2Acos(kx —wt)cos(Ak)(x—ct). (30)

[NouyarkoBe 30ypeHHsI KiHIIEBOi TPUBAJIOCTI B CEPEAOBHII 3 AUCIEP-
ci€ro, B TOMY 4uCIi i B OyNbOAIIKOBii, MPHU JOCTATHHO BEJMKUX PO3IIO-
BCIO/DKCHHSIX y 4aci mpuiimae, 3a3BHYaid, (OpMy XBUIIBOBOTO MaKeTy 3
CHJIBHO OCLMJIIOIOYOI0 aMILTITYI00 B CEPEHHI MTaKeTy.

PiBHsiHHS OU/Ot + ,8(83u/6§3) =0 npu BeNUMKUX 3HAYEHHAX 4Yacy

JUIS TIOYaTKOBOTO, 3aTyXamo4yoro nmpu & = oo 30ypeHHSIX, Ma€ aCHMITO-

TUYHUI PO3B’SI30K BUIY

U= ﬂ-l/z i (_1) |Pm (Sﬂt)—(m+1)/3 A" (n)7 (31)
m=0 m!
e n=&/(3p)" 5 By = [ emu(e,0)de (32)

u(&,0) — mouarkosuii posmoain; Ai™ (77) — moxizEi M -ro mopsIKy Bix
ymuii Eiipi [9] A" ()= (7 %) [cos(W?/3+Wn)dW . Tlpn <1 i
0

OLIBIIKX y PO3B’SI3Ky MOXKHA OOMEKHTHUCH MEPIIMM WICHOM psiy (m = 0)
- . -1/3
u=rzY2p A" ()/(38) . (33)

YucnoBi JOCTIIKCHHS MMOKA3aJId, 110 HeiHilHe piBHAHHSA (23) Mae
JiesiKl LiKaBl pO3B’SI3KM Y BUIIISAAI CTalliOHAPHUX XBUIIb, SIKI PO3MOBCIO-
JUKYIOTBCS 3 TIOCTIHHOIO MIBHIKICTIO 6€3 3MiHM ¢opmu. Takuil po3B’s30K
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MOXKHA BiJHAHTH, yBOIAYM HOBY HE3alIeKHy 3MiHHY & =¢&-—Vit Ta
npuiimMaroun, mo U (&,t) =u (& —v;t). 3HaueHHs Vv, OBHMHHO BU3HAYATHCS

y mporieci po3B’si3yBaHHs. [licist 3aMiHM MOKHA OTPUMATH PIBHSIHHS
du ou

—=(u-v)—, (34)
653 ( 1) 851
IHTETPYBaHHS SKOTO JIA€
o%u 2
B =(u“/2)-vu+C /2. (35)
a 512 ( / ) 1 l/
MHOa4u OCTaHHE PIBHSIHHS HA U 1, 3HOBY IHTETPYIOYH, OTPUMAEMO
(du/d§)2=[(u3/3)—v1u2+clu +C2}/ﬂ, (36)

tyT C; (i=1,2)— mocriitni inTerpyBaHns. JlificHi po3B’SI3KH iCHYIOTB,
SIKIIIO MTOJIIHOM JIOJaTHHIA a00 TOPIBHIOE HYIIIO.

BucHoBku. OTpEMaHO MOJIEINi XBIJIBOBHX IIPOLECIB Y Ta30PiJHHHUX
crcTeMax JUlsl BUNaIKiB Oynp0aIkoBoi cycneHsii Ta cepenoBuina 0e3 au-
crepcii eneprii. Sk takux. 1o Hal6iIBII YacTO 3yCTpiUarOThCsl HA MPaK-
turi. OTpuMaHi MOJIeNi aJeKBaTHO BiJOOpaXkaroTh (pi3WU4HI SBHUIA TUHA-
MIYHOTO pyxy ABO(A3HOI ra30piJUHHOI CHCTEMH 1 MOXYTh OyTH JIETKO
3aCTOCOBaHI y IHKEHEPHUX pO3paxyHKax.
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SIMULATION OF WAVE PROCESSES
IN GAS-LIQUID SYSTEMS

In terms of the hydrodynamic theory of heterogeneous systems, the
possibilities of mathematical description (formalization) of the processes of
dynamics of gas-liquid two-phase systems are considered. In this case,
based on the effect of the existence of undissolved gas bubbles in the un-
excited liquid and in the liquid exposed to the formation of wave motion, a
mathematical model of the dynamic states of gas-liquid two-phase systems
is proposed. The relevance of such models is that two-phase flows are the
main «working fluidy, in particular, in power plants and chemical technol-
ogy, and work processes in the metallurgical, oil and refining (including
petrochemical) industry, in cryogenic devices accompanied by the for-
mation of vapor-liquid systems. In this regard, the availability of adequate
mathematical models of dynamics for the media under consideration, based
on conservation laws (mass, momentum and energy) and suitable for use in
engineering calculations, should be considered as an advantage over empir-
ical models that provide satisfactory accuracy. calculations only in a lim-
ited range of technological parameters and completely unsuitable for
emergency and emergency modes. The analysis of the propagation of wave
processes in a gas-liquid medium on the basis of a heterogeneous represen-
tation of physical phenomena in it shows similarity to the traditional gas-
dynamic approach, but, nevertheless, the gas-liquid mixture has certain
features. First of all, this concerns the presence of the so-called «bubblex»
suspension, which determines the significant nonlinearity of the dynamic
regime in gas-liquid media, which is caused by the possibility of compres-
sion of the two-phase system under external influence (external pressure).
The consequence of the latter is low values of the speed of sound caused
by the dependence on pressure, especially in areas of its growth. The pro-
posed models are quite informative, which allows us to draw conclusions
about the possible mechanisms of dynamic processes in gas-liquid media,
and predict their further development under the condition of a priori infor-
mation about the gas-dynamic characteristics of a real two-phase system.

Key words: gas-liquid mixtures, two-phase systems, bubble suspen-
sions, wave processes, mathematical model, nonlinear and shock waves.

Otpumano: 11.10.2021
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cnocib PALIIOHATIbHOI MOOU®IKALIIT
ITEPALIMHUX ANNFOPUTMIB YUCEJNIBHOIO
PO3B'A3AHHA HENIHINMHUX IHTETPAJNIbHUX PIBHAHb

ITepaniiini MeTonu pO3B’SI3yBaHHS IHTErPATBbHHX PIBHSHb €
MOTY)XHUM IHCTPYMEHTOM JUISl TEOPETUYHMX JIOCHTIDKEHb i MpaK-
TUYHUX PO3paxyHKiB. OcoOIUBICTD iTepamiiHUX METOIB IOJIATaE
B NIPOCTOTI OOYMCIIIOBAIBHUX AITOPUTMIB, IIO Ma€ ICTOTHE 3Ha-
YeHHS y Ipoleci KoMIT I0TepHoi pearnizanii. Henomiku uporo kiacy
METOAIB MOJATaoTh y mpobieMi 301KHOCTI, a caMme iTepaliiHui
MpoIlec MOBUHEH OyTH 301KHHM, a IIBUAKICTH 301KHOCTI — BHCO-
KO0, 110 MPUTAMaHHO P YMCEIHHOMY PO3B'A3yBaHHIO HENiHIiH-
HUX IHTerpaJbHUX PIBHSAHB.

VY cTaTTi po3MISHYTO Crocid BUKOPHCTaHHS KOMOIHAIli METOIy
Hrrorona-KantopoBrda i kBagpaTypHuX (OpMyIn, IIO Ja€ 3MOry
OTPUMAaTH BHUCOKOTOYHHH YHCETbHUH airOpPUTM IS PO3B’SI3yBaHHS
HeTHIMHUX iHTerpansHUX piBHAHb @pearonsma 1 poxy. Haseneno
pe3yabTaTH PO3B’SI3yBaHHS TECTOBOTO IPHUKIAMY, SIKI CBIAYATh MPO
e(EeKTHBHICTh TA BHCOKY TOYHICTh METOAY. PO3IIITHYTO MOKITHBICTH
BUKOPUCTAHHS aJTOPUTMY PO3B'SI3yBaHHS HEJIHIHHWUX IHTErpaJbHHX
PIBHSHB Ha OCHOBI METOIy IMOCIIIOBHUX HAOIWKEHBb TIPH 1HTEPIONS-
mii smpa KyOiyHEM crutaiiHoM. HemomikoM HaBeIeHMX METOMIB MPH
KOMIT'IOTEpHIl pearizaltii € mpodiema BUOOPY «KPaIIoroy» mo4aTkoBO-
T0 HAOIDKEHHS, 1110, Y CBOKO Yepry, MPHCKOPIOE 301KHICT METOAY i
THM CaMUM 3MEHIITy€ HAKOITITIEHHS TOXHOKH.

PosristHyTHI Y cTaTTi cocib MonepHi3amii iTepamiiHuX anro-
PUTMIB YHCENBHOTO PO3B'SI3yBaHHS HENiHIHHUX IHTETPAIBHUX PiB-
HSHB JI03BOJISIE BU3HAYHTH «KPAIle) MOYaTKOBE HAOIIKEHHS, 110
Jla€ 3MOTY 30UTBIINTH MIBHAKICTH 301KHOCTI iTepamiifHOTO IpoLecy
BUXIZHOTO MeTOXy. Pe3ynbraT 00UHCIIIOBAIBHUX EKCIICPHMEHTIB
IpU pO3B'si3yBaHHI iHTerpansHOro piBHAHHSA ®Ppenromsma I pomy
HiATBEPIUKYIOTh €(QEKTHBHICTh 3aCTOCYBaHHS MOJICPHI30BaHOTO
ITOPUTMY Ha OCHOBI METOXy HPOCTHX iTepaliil i3 HOoIepeaHbOIo
OINTHMI3aLi€r0 TOYATKOBOTO HAOIMKESHHSI.

Kio4oBi cioBa: ueniniiine inmeepanvhe pieHanus, imepayiii-
HULl Memoo, CIAlHU, K8AOPAMYpHi POpMyIu.

© C. 10. IIpotacos, B. A. ®denopuyk, 2021
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Beryn. Ilpu po3B's3yBaHHI HENiHIHHUX iHTErpaNbHUX PIBHSIHD IJIS
TEOPETHYHHX AOCHTIHKEHB 1 MPAKTHYHUX PO3PAXyHKIB IIHPOKO BUKOPHUC-
TOBYIOTBCS IT€paLliiiHi METO/IM, TaKi K METOJ NPOCTHX iTepaLiil Ta MeTo.
Hyrotona-Kanrtoposuua [1, 6]. OcoOnuBICTIO iTepalifiHUX METOMIB € IPO-
CTOTa O0YMCITIOBAILHUX AJITOPHUTMIB, IO Ma€ 1CTOTHE 3HAUEHHS y MPOILIECi
iX KoMIT'IoTepHOI peamizauii. BUKOpHCTaHHS MeTONy IMpPOCTHX iTepamii
JUIsl PO3B'SI3yBaHHS JITHIMHUX 1HTErpajbHUX PIBHSIHB J03BOJISIE OTPUMYBa-
TH 3aBXIU 30DKHHMH iTepaumiiHuN Mpolec Mmpu ciIadKux OOMEKEeHHSX Ha
SO 1 TMpaBy YacTWHY. Y BUMAIKy 3 HENIHIHHUMH PiBHAHHSMH, 00JacTh
301KHOCTI JaHOTO METOMAY 3BYXKYETBCA, a SKIIO MPOIlEeC i 30iraeTses, TO B
0aratboX BHIAAKaX MIBUAKICTH 301KHOCTI MOKEe BHSBUTHCS HU3BKOIO [1].
Metox HeroTona-KanTopoBrnya € omHUM i3 €(pEeKTHBHUX METOMIB, IO Ja€
3MOT'Y ITOJIONIATH 3a3HaueHi TpyaHoi. JJociKeH s cBiq9aTh Ipo Te, M0
BiH € e()eKTHBHUM 1 ITpU pO3B’s3yBaHHI 0araTthOX 3ajad JUist PiBHSIHb Bo-
JIBTEPPH, TO3BOJISIIOUN 3HAYHO NPUCKOPUTH 301KHICTH HOPIBHSHO 3 METO-
JIOM TIpOCTO] iTepanii abo HaBiTh MOPIBHIHO 3 OLIBII CKIIQJAHUMHU, 30KpeMa
CIICIiaTi30BaHUMH ITepalliiHIMH MeToIaMH [ 1, 6].

Bukjan ocHoBHoro martepiany. BukopucroByrounm meron Heio-
ToHa-KaHTOpOBMYA /I pO3B'SI3yBaHHS HENIHIHHUX IHTETPaJbHUX PIBHIHD
Openronbma Il pony [1] otpumyemo itepauiiiauii mporiec:

Yk = Y t¥a (), k=1,2,3,...., xe[a,b], 1)
b
Vi () = Bea (0 + [ K (65, V1 (w4 (s)ds @)
b
Pra (9 = [K (.8, y 1 ())ds = Yy 5 (%) 3

Ha KoXHOMY KpOIli alrOpuTMy pPO3B'S3YETHCS JIiHIIHE iHTErpasbHe
piusinHs @penronsma 11 poxy BimHOCHO W 4 (X). Just po3s'sisanns (1)
BUKOPHCTOBY€ETHCS OZIMH 3 OOYMCITIOBATBHUX METOAIB PO3B'SI3yBaHHS PiB-
HsaHb @penronema Il poxy Metogom kBaapatyp [2].

ITepaniitanii mponec Mae MBUAKY 301KHICTH (32 IEBHUX YMOB), aJIe €
JIOCUTH CKJIAJJHUM Y 3B'SI3KY 3 THUM, II0 Ha KOKHOMY KpOIIi iTepamiiHOro
TpOLECY HEOOXIAHO 3HAXOAUTH HOBE AP0 K (X,S, Yy 1 (S)) PiBHSHHSA.

AJNTOPUTM CHPOIIY€ETHCS MUITXOM BUKOPUCTAHHS PiBHAHHS
b
Wi (X) = Bea () + [ Ky (6,8, Yo (8)wic_ (s)ds 4)
a

[Ipu upoMmy sizpo y mporeci po3B'sI3yBaHHS 3aIMIIAETHCS HE3MIHHUM,
B PE3yJIbTaTi YOro OTPUMYEMO MEHIII CKJIaAHUI 00UMCITIOBAIHUMN MPOLIEC.

98



Cepis: TexHiuHi Hayku. Bunyck 22

MoaudikoBanuit MeTo/ 30ira€ThCsl MOBIIBHILIE y MOPIBHIHHI 3 0a30BUM
METOZOM, ajle BUMAara€ BUKOHAHHS MEHII CKJIAJHUX OOYMCIICHb 1 TOMY
YaCTO BHSBJISIETHCS KPAILUM.

MoaudikoBanuii Meroa Hetorona-KantopoBrya He0OXiTHO BUKOPH-
CTOBYBaTH IIPH YCIIIIIHO BUOPAaHOMY IOYAaTKOBOMY HalOmmkeHHI. B mpo-
TUJISKHOMY BHIaJKy MOXKHA 3yIMHUTHUCS Ha AeSKOMY | -My HaOJIMKeHHI
Ta MOYMHAIOYH 3 HHOTO BUKOpPUCTOBYBatTH Tiportiec (1), (2), (3).

Hpuxaan 1. Hexaii 3agano HemiHilHe iHTerpansHe piBHsIHHEST Dpen-
roneMa Il pony Burisy

1
0,01y(t) = —sin(xt) +
y(t) 100 (7t)

L] - : (5)
+%£cos(ﬂt)sm(m)(y(t)) dt, 0<t<1,

SIK€ MA€ TOYHUH PO3B'SI30K
. 1
y(t) =sin(zt) + 3 (20 —+/391) cos(xt) .

PosB'smkemo (5) 3a nmomomororo Metony Herorona-KantopoBuua Ha
Biapi3ky [0,1] 3 mocriiinum kpokom h =0,01. Pe3ynbratu TouHOro i Ha-
OMIKEHOro PO3B'sI3yBaHHS MPECTABIECHO Ha pHC. 1, abcoioTHa moxuoKa
PO3B'A3Ky Ha pHC. 2.

1.2

y(t)

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
t

Puc. 1. ['pagpixu po36's3xie HeNIHIIHO20 IHME2PATLHO20 DIGHAHHS
Dpeozonvma Il pody (5) memooom Hetomona-Kanmoposuua

(== — MmouHULl PO38 30K, ® — HAONUIICEHUTI PO38 SI30K)
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X 10_4

A(t)

o o1 02 03 04 05 06 07 08 09 1
t

Puc. 2. I'papix abconomnoi noxubku po3e6 sa3Ky HeAHIUHO20 IHMe2PAIbHO2O
pisusantus @peoeonoma Il pody (5) memoodom Hotomona-Kanmoposuua

Po3B's130k TecToBOro mpuKIamy 3acBimdye, mo MeTox HprloToHa-
KantopoBrnua € eeKkTUBHMM, BHUCOKOTOYHHM METOJOM pO3B'S3yBaHHs
HENHIHHUX 1HTerpanbHuX piBHAHG TUIY Ppearonsma Il pomy.

AJropuTM pO3B'SI3yBaHHSA HEJNiHiHUX iHTerpanbHUX PiBHAHBL HA
OCHOBi MeTO/y NOCJIiIOBHUX HAOJMKeHb NPH iHTepmoJsAuii siagpa Ky-
OiuanM ciutaiinom. PosrisiHemMo HeniHilHE iHTEerpajibHe PIBHSHHS B 3ara-

JHFHOMY BUTIISII

b
y(x) = f(x)+IK(x,s, y(s))ds, a<s<b.

Pozib'emo [a,b] Ha (N —1) Biapi3kiB 3 kpokom h , To6TO
A={x:%=a+(i-Dh, h=(b-a)/(N-1), i =1,_N}.
Hexait S, (f;x) — inTepnonsuiitauil KyOiunuil crimaitn Uit QyHKii

B(X) , noOyoBaHMH Ha CITLI i3 3aCTOCYBaHHSIM YMOB Ha KIiHIIX Bipizka [3]:

1
P = a(_llﬂl +183, =9p3+2/,) ,

Py =%(—2ﬂN73 +9fy 2 —18fy 1 +118y ), fi = B(X) -

3acrocyemo opmyiy
2

b h N-1 h
[Ss (B0 =B+ B)+N 3 B+ o (py= )

i=2
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[Ipu iHTepmoNALii sapa KyOIYHHM CIIAMHOM aJrOPUTM OTPHMAaHHS
HaOJIMKEHOTO PO3B'I3Ky HA OCHOBI METOJY MOCIIIOBHUX HAOJMKEHb Ma€e
BUTJIS]T

b

Yo ()= F 00+ Sy (K (X, Yo y)i8)ds ,

Yo(X)=x,n=12,..,
ae S, (K(X,+Yn4);S) € iHTepnonAiifauM KyOiuHUM craaifHOM 31 3MiH-
HOIO S, sikuii mobynoBanuil 1 Gynkuii K(X,s, Y, (9)) .

MoaugikoBanuii MeToa MPOCTHX iTepauiii 3 momepeaHbOIO OIM-
THMi3ami€er MoYaTKOBOro HaGum:keHHs. Komm'toTepHa peanizaris Me-
TOJy TPOCTHX iTepaliil mependavyac BUKOPHCTaHHS KBaJIpaTypHUX (op-
MyJI, IO BHOCHTH NMOXHOKY B OTPUMAaHHH pe3yipTaT. ToOMy BaKIMBHM
MIUTaHHSM € BHOIpP «Kpamioro» mo4aTKOBOTO HAOJIVDKEHHS, 1110 TIPUCKOPIOE
30DKHICTH METOJy 1 THM CaMHM 3MEHIIY€E HAKOIMMYECHHS MMOXHOKH. OCHOB-
Ha yBara IpuaiIseTbcs N00YI0BI OYaTKOBOTO HAOIIKEHHS.

PosrnsHemo HeminiliHe iHTerpanbHe piBHAHAS Ppenronsma Il poxy
T

y@) = f O+ [ Kt x y(x)dx, (6)
Tl
ne K(t,x, y(x)) — ¢yHKmisg, mo BU3HAYAETBCS Hpu —oo < Yy(X) < oo,
t,xe[T;,T,]. Kpim mporo mepembauaerscs, mo o¢yskiis K(t, X, y(x))
HiJICyMOBY€EThCS 0 X TpH BCix t [T, T,].

AHai3 yMOB icCHyBaHHs Xo4a O OJTHOTO pO3B'SI3KY Ta YMOB OJIHO3HA-
YHOTO PO3B'SI3yBaHHs PiBHSIHHS (6) 3aCHOBaHWI B OUIBIIOCTI BUIIAKIB Ha
NPUHIOUII CTHCINX BinoOpaxeHb banaxa [4] 1 mpuHOMIY pyXOMHX TOYOK
Maynepa [5].

Buxonsun i3 TpUHIMITY CTHCIHX BifoOpa)keHb, piBHAHHA (6) Mae
€IMHUI HENepepBHUHN PO3B'I30K 32 YMOBH OOMEKEHOCTI IMOX1THOIO

oK (t, X,

KEXY) ¢ em,-T) <1

oy
TZ
1 IpUMyLIeHHsX, o | Y|< p Ta max I maX|K(t, X, y)|dX <p.
xe[T,,T, ]
T, lyl<p
Skmo 1mi yMOBHM BHKOHAaHI, TO PO3B'SI30K piBHSAHHA (6) Moxe OyTu

OTPHUMaHO METOJIOM MPOCTHX iTeparlii
T

Yo () = O+ [ K(tX, v, (X))dx, )

Tl
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KUl pu | Yo (X) I€ p, ne Yy (X) — noBinbHA HenmepepBHa QyHKIs, Oyae
36iraTucs 10 po3B'a3ky Ha [T, T,].
[Ilo6 BH3HAYWTH ONTHUMAIBHE II0YaTKOBE HAONWKEHHs, OymayeMo

(yHKIiOHAT

T 2

TZ 2
cp:j y— f(t)—jK(t,x,y(x))dx dt, (8)
T, T,

1
1 3HAXOJMMO HOTO MIHIMYM JUIsl IESKOTO, MOTIEPEAHBO BU3HAYCHOTO YHCIIa
NQ mapameTpiB, SKUMH € 3Ha4eHHS IIyKaHOi (YHKLII y By3Jax

t;, i =1,NQ . [Ipu upomy (yHKITIOHAT MaTHME BHUTJISI
NQ NQ 2
@ = "hB;|y;— f(t;)— D ANK(t, %, yi) | ©)
i=1 k=1

ae y;=y(); A, i=LNQ i B, k=1NQ xapakTepu3yioTh BUOpaHY
KBaZpaTypHy (GOPMYIy [UIS 30BHIIIHBOTO 1 BHYTPINIHBOTO IHTETPATiB
y (8), h — Kpok mucKpeTH3artii.

Jns BuzHaueHHs1 MiHIMyMy ¢(yHKHioHanmy @ 3aCTOCOBYEMO METO
KOOPJMHATHOTO CITyCKY B KOMOIHAIIi1 3 METO/IOM 30JI0TOTO IepeTHHy [6].

Yucno napamerpis midimizamii NQ B 0qHOMY BHIAAKy HE MOBHHHO
OyTH 3aHaATO BeMKMM (31 30impmeHHAM uncia NQ MUTTEBO 3pocTae dac
poboTH mporpamu MiHiMi3awii), B iHmoMy Bumnaaky uucio NQ BuzHauae
TOYHICTh TPE/ICTAaBICHHS BHYTPIMIHBOTO iHTErpany y Bupasi (8) kBaapa-
TypHOT popMyInH 1 HE MOBUHHO OYTH 3aHAJTO ManuM [6].

[Ticns 3HaXOMKEHHS 3HAYCHb NapaMeTpiB, NMPU SKHUX IOCITa€ThCS
MiHIMyM (yHKIIOHaNny, OyIyeTbCsi IOYATKOBE HAOJMKECHHS PO3B'S3KY

BHXiTHOTO iHTETPAIBbHOTO PiBHSIHHS y©@(x) mumsxom BUKOPHCTAaHHS iH-
Teprnosuiiinoi Gopmynu Jlarpamxka [6]. 3nauenHs ¢yHKUil Yy, BinnoB.i-
Jal0Th KoopauHaTtaMm X; , i =1,n. [lani, BukopucroByroun Bupas (7), 3Ha-

1 ey .
XOJTUTHCS HACTYITHE HAOIMKCHHS y®(x) PO3B'SI3Ky HETiHIIHOTO iHTETrpa-
JTBHOTO PIBHSHHS, IPH I[bOMY YHCJIO TOYOK po30uTTs iHTepBamy [T,,T, ]

301bIIy€eThCS. [TepaliiiHuii polec 3aKiHYy€eThCsS P BUKOHAHHI BU3HA-
4YeHOI KUTBKOCTI iTepamiit | , abo mpu JOCsATHEHHI HeB's3ku (9) morepe-
HBO OTPHMAHOI0 3HaueHHs. SIKIIO 4ucio iTepauiil gocsirno yucna |, a
HeB'sI3Ka HEIOCTaTHBO Maja, HeOOXiHO CHOYATKy 3aJaTH OuIbINy Kilb-
KIiCTh MapaMeTpiB ONTHMi3allii abo iHIII MOYaTKOBI 3HAYEHHS TTapaMeTPiB.
AJNTOPUTM METOJy CKJIQIAETHCSI 3 HACTYITHUX €TalliB!
1. OrpumaHHA BXiIHUX JaHUX AITOPUTMY: SAPO, MpaBa YacTHHA, MEXI
inTerpyBanns, mapamerpu NQ , |, §.
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2. TloOynoBa ¢yHKIIOHATY, 110 MIHIMI3YEThCS, JJIsi BU3HAYCHHS [10YaT-
KOBOT'0 HAOJIDKEHHSI METOY IIPOCTHUX ITepalliii 3a hopMyIior:

T{ T, "‘2
cb:j y—f(t)—_[K(t,x,y(x))dx dt .
dl T ]

3. uckperusaist pyHKIIOHATY, IO MiHIMI3Yy€EThCsI 32 (POPMYJIOIO:
N T NQ ‘|2
® =3 hB, LYi - f(ti)_zAth(ti'Xk1Yk)J :
i=1 k=1
4. 3HaxomKeHHS (QYHKIIIOHATY, IO MIiHIMI3Y€ThCS, BIJHOCHO IMapaMeT-
PiB METOZIOM KOOPAMHATHOTO CITyCKY B KOMOIHalii 3 METOIOM 30JI0TO-
T'0 IepeTHHyY UIs (QYHKIIi OTHi€] 3MiHHOA.
5. IloOynoBa mMOYaTKOBOrO HAOJMIDKEHHS HEJIIHIHHOTO IHTErpanbHOTrO
PIBHSHHS, SIK PE3YJIBTAT 3aCTOCYBaHH: (opMynu Jlarpamxka Juis 3Hai-
JIEHUX 3HaYeHb N1apaMeTpiB Y, .

6. BuxoHaHHS METOJy MPOCTHUX iTepalliil 3a hopMyIor0

NQ
Yo () = O+ Ac-H K& %, V) »
k=1

JIOKH He OyJie TOCATHyTa HEB’ sI3Ka
2

NQ NQ
®=>"hB |y, — f(t;)- D> AhK(, X,y | <5,
i=1 k=1

a00 He BUKOHaHA Oy/ie 3aJaHa KiTbKIiCTh iTepartii.

EdexTuBHICTh 3aCTOCYBaHHS QJITOPUTMY Ha OCHOBI METOJY NMPOCTUX
iTepamniii i3 MONEPEAHHOI0 ONTHMI3AIli€l0 TTOYaTKOBOTO HAOJIVKEHHS TPO-
JIEMOHCTPOBaHO Ha HACTYITHOMY TECTOBOMY MPUKJIAII.

Mpukaan 2. Po3risiHeMo HeniHiiiHe iHTerpalibHe piBHsIHHSI Dpenro-
asMa Il pony

y(t) = t2 — (arctg ﬂ_ arctg ﬂ) X
Jact—b? Vact -b?
T (10)

2 : 1
X +I dX,
Jact-b® 1 c+bx+ty(x)

Jac
b=2,¢=2,T,=1, T, =10;

3 TOYHUM PO3B’A3KOM
2
y(t)=t".
I'padiku TogHOTO 1 HAOMMKEHOTO PO3B's13KiB piBHAHHA (10) Tpen-
craiieHi Ha puc. 3. ['padik abcomoTHOT MOXUOKH PO3B’SI3KY iIHTETPaIbHO-
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ro piBusHHs (10), oTprMaHOro Moau()ikoOBaHUM METOIOM IPOCTHX iTepa-
1i{, IpeaCTaBIeHNH Ha puc. 4.

120 T T T T
100

80

y(t)

60

40

0. 1 1 1 1 1 1 1 d
0 1 2 3 4 5 6 7 8 9 10

Puc. 3. ['pagix uucenvrHoeo po3e'a3ky inmeepanvHozo pienanus (10)
MOOUGPIKOBAHUM MEeMOOOM NPOCMUX imepayiti
(== — MouHUIl PO38 530K, ® — HAOIUNCEHUI PO38 S30K)

-3
1_2x10

0 1 2 3 4 5 6 7 8 9 10
t

Puc. 4. I'paghix abconromnoi noxubxu pose’sizKy iHmezpanbHO20 PiGHsHHSL
PesynbraTi po3B's3yBaHHS TECTOBOI'O IPHUKJIALy Ha OCHOBI MOAM(i-
KOBAHOT'O METOJy IPOCTHX ITepalliif 3 ONepeIHbOI0 ONTUMI3AII€I0 oYa-
TKOBOT'O HAOJIMXEHHsI MTOKa3aJIH, 10 OKPIM BHCOKOi TOYHOCTI, TAKOX J0-
CSITAETHCS BUCOKA IIBHJIKOIIS alITOPUTMY.
BucHoBok. HaBeneni B po0OTI criocoOH parioHanbsHOT MOIuGiKarii
iTepauiiHUX aJITOPUTMIB YHCEIBHOTO PO3B'sI3yBaHHs HEJIHIHHHUX iHTErpa-
JbHUX DPIBHSHB J03BOJISIIOTH IMiJBULIMTH €(EKTHBHICTH BIAMOBIIHUX 00-
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YHCIIOBAIBHUX TIPOLECiB. 30KpeMa, BHUKOPHCTAaHHSI KOMOiHAIli METOmy
Herorona-KanTopoBuua i KBagpaTypHOIO METOLY, A€ 3MOTIY OTPHUMATH
BUCOKOTOYHHH OOUYMCITIOBAIBHUI aJITOPUTM [UIsi PO3B’sI3yBaHHS HEJiHIH-
HUX IHTerpaibHUX piBHsHb Ppenronsma Il pomy. Takox 3acrocyBaHHS
MO (PiKOBAHOTO METOAY MPOCTHX iTepalid, J03BOJSIE BH3HAUUTH «Kpa-
I11e» IT0YaTKOBE HAONVIKEHHS, IO Ja€ 3MOTY 30UTBIIUTH MIBUAKICTH 301K-
HOCTI iTepaniifHOTo MPOIEeCcy BUXIHOTO METOY.
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METHOD OF RATIONAL MODIFICATION
OF ITERATIVE ALGORITHMS OF NUMERICAL SOLUTION
IN NONLINEARY INTEGRAL EQUATIONS

Iterative methods for solving integral equations are a powerful tool for
theoretical research and practical calculations. The peculiarity of iterative
methods lies in the simplicity of computational algorithms that is essential
in the process of computer realization. The disadvantages of this class of
methods underlie in the problem of convergence, namely, the iterative pro-
cess should be convergent, and the convergence rate should be high, which
is inherent in the numerical solution of nonlinear integral equations.

The article discusses the use of a combination of the Newton-
Kantorovich method and quadratic formulas, that allows to obtain a high-
precision numerical algorithm for solving nonlinear integral equations as
Fredholm equation of the second kind. The results of test example solution
are provided, which testify to the effectiveness and high accuracy of the
method. The possibility of using the algorithm of solving nonlinear integral
equations based on the method of sequential approximation during interpo-
lation of the nucleus by cubic spline is analyzed. The disadvantage of these
methods in computer implementation is the task of choosing the "best" ini-
tial approximation, which in turn accelerates the convergence of the meth-
od and thereby reduces the accumulation of error.
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The considered method of modernization of iterative algorithms of
numerical solution in nonlinear integral equations allows to determine the
"better" initial approximation, which makes it possible to increase the con-
vergence of the iterative process in the initial method. The results of com-
putational experiments in the solution of the Fredholm integral equations
of the second kind confirm the use effectiveness of the modernized algo-
rithm based on the method of simple iterations with preliminary optimiza-
tion of the initial approximation.

Keywords: nonlinear integral equation, iterative method, splines,
quadrature formulas.
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Krnacwanwmii migxin 1uist moOyI0BH CHCTEM OIIHFOBAHHS MapameT-
PiB CUTHAIIB, sIKi IPUIAMAIOThCS Ha (DOHI HETAyCOBHX 3aBaJl, XapaKTe-
PYBYETHCS CKITAIHICTIO aITOPUTMIYHOI Ta O0YMCITIOBATIBHOI peajtizartii,
[0 HE JO3BOJISIE CHHTE3YBaTH SIKICHI MPOTPaMHi Ta amapaTHi 3aco0u
CTaTUCTHYHOI 00poOKH. OKpiM TOro, HASBHICTH KOPEISLIHHMX
3B’5I3KiB JIOCII/DKYBAHNX BUOIPKOBHX 3HAYEHB CYTTEBO YCKIIAHIOE all-
TOPUTMIUHY peasti3alifo. AHai3 JOCTI/DKeHb, SIKI IPOBOASTHCS
OCTaHHIM YacoM 3acCBiJUMB, IO JUIS 3HAXODKEHHS OI[IHOK HEBIIOMUX
TapaMeTpiB CHTHAJIB, SIKi MPHUIIMAIOThCS Ha (DOHI HETayCOBHX 3aBa,
MOXKJIMBO BHKOPHCTOBYBATH IHIIWI TepCTIeKTUBHUN mminmxin. Taxwit
mixin 0a3yeThesi Ha BUKOPHCTAHHI YHCETBHUX XapPAKTEPHCTHK OIHCY
BUITAIKOBHX TIPOLECIB, @ cCaMeé MOMEHTHHUX 1 KyMYJSIHTHUX (DyHKITH
BHIIUX TIOPSZIKIB, 10 TO3BOJISIE 3 33laHMM HAOKEHHSIM OIHCYBaTH
CTaTHCTHYHI BIACTHBOCTI HETayCOBHX IPOLIECIB.

Y poboTi 3anmpornoHOBaHI HOBI MaTeMaTHYHI MOJENI aJIUTHBHOT
B3a€MOJIT KOPHCHOTO HOCTIHOTO CHUTHAJTYy Ta KOPEIbOBAHOI Herayco-
BOI 3aBaiyl IIPH 3aCTOCYBaHHI OJHOMOMEHTHHX Ta JIBOXMOMEHTHHX
KyMyJSIHTHUX (DyHKIIH BHIIUX HOpsiakiB. Take mpencTaBieHHs Hagae
JIOIaTKOBI MOYKJIMBOCTI HE TUIBKU OIHCATH MApaMETPH Ta XapaKTepH-
CTUKH JOCITIIKyBaHOTO HErayCcOBOTO MPOIIECy, ajie i BpaxyBaTH CTa-
TUCTUYHI 3B’513KM BUOIPKOBHX 3HAYEHb VIS TIOOYJOBU SIKICHUX aJIro-
PHUTMIB OLIIHIOBAaHHSI HEBIIOMHX MTapaMeTpPiB CUTHATTY.

© [1. O. CmipHos, 1. A. Benepuikos, O. A. [Nanarina, B. B. ITanarin, 2021
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Ha ocHOBi 00paHOTo MiIX0may OTpUMaHi MOMEHTHO-KyMYJISTHTHI
MOJZIEeNi JIOCHTIIKYBAaHMX KOpPEIBOBAaHMX HETayCOBHX MpOLECIB, 3a-
MPOIIOHOBaHI HOBI MOJIIHOMIabHI METOJH OLIHIOBAHHS HEBiOMOTO
mapameTpa KOPHCHOTO CHTHAJy, IO JO3BOJIHMJIO CHHTE3yBaTH HOBI
OOUHCITIOBAJIBHI JITOPUTMH 11 OOPOOKM CTaTHCTUYHO 3aJISKHUX
HeraycoBHX IporieciB. Ha ocHOBI 3arponoHOBaHUX Mojenei Ta Me-
TOIIB MPOBENCHO CHHTE3 Ta aHANi3 OOYMCIIOBANBHHUX aJITOPUTMIB
OLIIHIOBAaHHS HEBIJIOMOTO MapamMeTpa IOCTiHHOrO CHTHATY 3 Kpalll-
MH TOYHICTHIMH XapaKTEePHCTUKaMH y TIOPIiBHIHHI 3 TPaJUIlitHIMA
pesyneTaTamu. B sikocTi mapaMerpa epeKTHBHOCTI oOHpaiacs Iuc-
mepcis OTPUMAHUX OLIHOK, fKa UIS 3alPOIIOHOBAaHUX METOMIB €
MEHIIIOI0 y TIOPIBHSAHHI 3 BIIOMHMH pe3yJIbTaTaMH IS TPAAULIIHHIX
rayCOBHX MOJICNICH TOCIiPKYBaHHX IIPOLIECIB.

KirouoBi cinoBa: momenmui ma xymyasumui QyHxyii euwux
NOPAOKIE, MemoO MAKCUMI3ayii NONHOMA, KOPelbO8aHi He2aycosi
npoyecu.

Beryn. Pesynbrati OIiHIOBaHHS TMapaMeTpiB CHTHAJIB IIUPOKO BHKO-
PHCTOBYIOTECSI B Oararbox J0/IaTKax, 10 MalOTh BIJHOIICHHS /10 TEXHIYHHX
3aBIaHb MIarHOCTHKY, YIPABIIiHHS], MOHITOPHHTY Ta KOHTPOIIO, 1€ BUKOPHC-
TOBYIOTBCSI CTATUCTHYHI MiZXOAM 10 00poOKM gaHmX. J{jist X BHUpIIICHHS BU-
KOPHCTOBYIOTECSI BiZIOMi CTaTHCTHYHI METOIM (METOZ MaKCHMAIILHOI TpaB-
JIOTO/IIOHOCTI, METO/T MOMEHTIB, METO/T HAaWMEHIIIMX KBaapartiB Ta iH. [1-3]),
NpH BUKOPHCTAHHI SKHMX B 3arajlbHOMY BHIIQIKy HE HAaKJIaIAe€ThCsl OOMEKEHb
Ha BHJ| pO3IMOJIUTIB BUIIAZKOBUX IpolieciB. [Ipy 11boMy, IpH BUpILICHHI Mpak-
TUYHHX 3aBJaHb MIMPOKOTO TIOMIMPEHHST HaOyiM raycoBi MOJETI, sIKi HE 3aB-
KT aJICKBAaTHO BiZJOOPaKarOTh peaibHI JOCTIPKyBaHi mporecu [4-6]. Take
TIPUITYTIEHHS (CTIPOIICHHS MOZEINI) MPH3BOIUTE 10 3HKEHHS TOYHOCTI OITi-
HIOBaHHSI TIapaMeTpiB JOCIIHKYBaHUX BHITAJKOBHX ITPOIIECIB.

[Ipu BUKOpHCTaHHI BIJOMHUX MIAXOJIB A0 BHUPIIICHHS 3aBIAHHS OLli-
HIOBaHHS MapaMeTpiB CHTHAIIB, IO NPHUHMAIOTHCS Ha (OHI HErayCOBHX
3aBa/l, BAHUKAIOTH TPY/IHOIII, SIKi ITOB'SI3aHi 3 arnpiopHOI0 HEBU3HAUCHICTIO
napaMeTpiB JIOCHTIPKYBaHHX HErayCOBUX PO3IMOALIIB, aJrOPUTMIYHOIO i
MPAaKTAIHOIO CKIAJHICTIO peawi3allil CTaTHCTUYHUX METOIIB. 3a3HaudcHi
MpoOJIeMH CYTTEBO YCKIAAHIOIOTH CTBOPEHHS SIKICHMX 1 TOYHHUX CHCTEM
JUTS OLIIHIOBAaHHS MapameTpiB curHamiB. OKpiM IIbOTO, 3aBJaHHS CTATHUC-
THUYHOTO OI[IHIOBAaHHSI MapaMeTpPiB iICTOTHO YCKIIQJHIOETHCS MPH PO3TIISII
KOPEJISIIHHUX 3B’S3KIB HETayCOBHX ITPOLECIB, 10 NPU3BOJMUTH JI0 CEpHO-
3HUX TPYHOILIB aJITOPUTMIYHOT peajtizarii.

[TpoBeneHi mociiKeHHs 3a OCTaHHI POKH ITOKa3yIOTh, 10 aJbTepHa-
THBHUM 1 HEPCHEKTHBHUM DillIEHHSAM 3a3Ha4YeHHX NpoOIeM € BHKOpHC-
TaHHS MOMEHTHHUX 1 KyMyJSHTHUX (QyHKUIH BHIIMX HOpsAKiB [6-9], mio
JO3BOJISIE 3a0€3MEeYUTH ONUC CTATHCTUYHHMX BIACTHBOCTEH HeraycoBHX
KOpEJIbOBaHHUX BUITAIKOBUX mpouecis [8-12].
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Po3B’s13aHHs 3amadi OIIHFOBAHHS MApaMETPIB CUTHAIIB MPU B3a€EMOJII 3
HErayCOBUMH KOPETHhOBAHUMU 3aBajlaMH MOTPEOYyE TEOPETUUHMX 1 MPAKTHY-
HHX JOCITI[PKeHb, TOB'SI3aHUX 3 BUBUYCHHSM 0araTOBUMIPHHUX MOMEHTHO-KyMY-
JSTHTHUX (DYHKITIA BUIIUX TOPSKIB Ta iX BUKOPUCTAHHS JUTS IOOY/IOBH 1 aHa-
T3y epEeKTUBHUX METO/[iB CTATHCTUYHOTO OIiHIOBAHHS ITApaMeTPiB CUTHAIB.

Mertoio poboTH € To0ygoBa Moneneld Ta METOHIB CTATUCTHIHOTO
OLIIHIOBAaHHS ITapaMeTpa MOCTIHHUX CHUTHAIIB, IO NPUHMAIOThCS Ha (OHI
HErayCcOBUX KOpEJIbOBAaHHX 3aBaJl, IIPH BUKOPUCTAHHI MOMEHTHHX 1 KyMy-
JSHTHUX QYHKIIA BUIIMX TOPSAKIB JJIsI CHHTE3Y aJITOPUTMIB 1 KOMIT'IOTe-
PHEX 3aC00iB MOOYIOBH CHCTEM 00OPOOKH CHTHAITIB.

BukopucTranHsT MOMEHTHO-KYMYJISIHTHUX (QYHKIii 1151 00y10BH
MoJIeJieil HerayCcoBUX €KCIECHHX KOpPeJIbOBAHHX BHMAIKOBHUX MPOLECIB.
JUi1s1 BUpIIIEHHS TOCTABIICHOTO 3aBIaHHS 3aIllPOIIOHOBAHI HOBI MOJIeNi Heray-
COBHX KOPEJIbOBAaHUX BHIIA[JKOBHX IPOIECIB HA OCHOBI BUKOPHCTAHHS OJTHO-
BUMIPHHUX 1 0araTOBUMIpHHX MOMEHTHO-KyMYJISSHTHUX ()YHKIIiH BHIIHX TI0-
PSIKIB, IO JO3BOJIMJIO HE TUIBKH OIHCATH HETayCOBHI PO3MOILT TOCIIIKY-
BaHMX TPOIIECIB, aje 1 iX KOpeysIiiHi BnacTUBOCTI. Takuii miaxim 103BOJIMB
BUKOPHCTOBYBAaTH TaKi MapaMeTpy MOMEHTHO-KyMYJISTHTHOTO OIIHCY, SIK KOe-
dimientn acumertpii ( 5 ), excuecy ( y,) 1 iH., Ki BIIMIHHI BiJ HyJI B TIPHITy-
IIEHHI HErayCoBHX MOJENEH JOCHiDKyBaHMX BHITAQIKOBHX mporeciB. Jlis
PO3IISIAY KOPEIAIIMHIX 3B'S3KIB HETAYCOBHX IIPOIIECIB BUKOPHUCTAEMO IBO-
BUMIPHI MOMEHTH Mj; | KyMYJISIHTH j; , KI IPEICTaBIIEH] Y BUIIIsI [6]:

My = X410 M = Y20 Mig = a3+ 32001

2 2
My = Xo2 + X2 + 2711, Myg = Yoz + Mo X3+ 62110000 +3 000425 -

SIKI TIPH BiICYTHOCTI KOPEJSILIHHOT 3aIeXKHOCTI MEPETBOPIOIOTHCS B OHO-
MipHE NIPeACTaBICHHS BUIIAKOBOTO IPOLIECY.

AHani3 CTaTHCTMYHHMX JBOBHMIPHHX 3B'I3KIB NPEACTaBICHUN Yy BHIISI
Tabrmi 1, B SIKiif TipeICTaBIICHH OITFIC XapaKTEPHUCTHK BHTIAIKOBOI BEJIMIMHI.

Tabmums 1
J1808uMipHI cninbHi KyMYAAHMU MaA iX NOPAOOK
Ilopsanok
CHJIbHUX Ilo3Ha4yeHHs ABOBHMIPHHX CHIJILHUX KYyMYJISIHTIB
KYMYJISIHTIB
1 %10 Zo1
2 Z20 A1 o2
3 X30 Z12 An Xo3
4 X0 X3 22 %13 o4
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JlocTaTHBOI0O YMOBOIO KOpPEJSIIHHOI HE3aleXHOCTI BHIIaKOBHX
TIPOLIECIB € PIBHICTh HYJIIO BCIX CIIUIBHUX KYMYJISHTIB j; -

Ha ocHOBiI mpencTaBIeHUX CHUTPHUX KyMYJISHTIB BHAUIAMO IEBHI
KJIacH BUMAIKOBUX BenW4rH. CIIIbHI KyMYyJISTHTH JJIS1 ABOBHMIPHOTO Tay-
COBOTO DO3MOIiTY TpeAcTaBieHi B Tabmumi 2. BinMiHHUMHU Bif Hynsd €
KyMYJISTHTH TI€pLIOTO i Apyroro mopsakiB. B mpoMy BHNAAKy BHIIaaKOBa
BENIMYMHA XaPAKTEPHU3Y€ThCSl TUNBKH CTATUCTHYHUM 3B'I3KOM IEPIIOro
nopsiAKy abo Kopessiiero. [Ipu BUKOPUCTAHHI CHIJIBHUX KyMYJISHTIB BH-
MIAX TIOPSAKIB 3'SBISETHCS MOMIIMBICTH ONUCY CTaTUCTUYHO 3aJIEKHUX
HerayCoBUX BHITIQJIKOBHX BEJIUYKH.

Tabmuns 2
IIpedcmasnennsn 080BUMIPHUX CRITLHUX
KYMYIAHMIB O/ 2aYCO08020 PO3NOOILY
Ilopsanox
CHIJIbHUX ITo3Ha4yeHHs1 ABOBHMIPHHUX CHIJILHUX KYMYJISIHTIB
KYMYJISIHTIB

1 %10 Zo1

2 Z20 Zu Zo2

3

4

Busznauenns 1. ['aycoBUMU CTaTHCTHYHO 3aJI)KHUMHU BUIIAJKOBUMH
BEJIMYMHAMHU Oy/JIEeMO HA3WBATH TakKi, JUIs SKMX BIAMIHHUMHY Bill HYJs Oy-
JyTh OJHOBUMIpPHUH y, i CHINBHUN y;; KyMyJSHTH JpYyroro Hopsjixy, a
BCI iHII KYMYJISTHTH TPETHOTO 1 BHIIE MOPAIKIB, a TAKOXK CITUIHHI KyMYJIsi-
HTH BHIIIE JPYTOro MOPSAKY AOPIBHIOIOTH HYJIO. B 11boMy BUmaaky mova-
TKOBI MOMEHTH JI0 IIOCTOT'O MOPSIIKY MArOTh BUIJISIL:

2 3
o =1, Oy =) 03=0, a,=3y;,, a5=0, ag=15y,,...,
a CHUIbHI MOMEHTH MalOTh HACTYNHUIH B3a€MO3B’SI30K 31 CIIJIBHUMH Ky-

MYJIAHTaMU:

(v.k)

X
My :lezlz'r(v)

» My =7, =0,
k k)
mgy )=122+21121=z§(1+2r(v ))

(vK)

ner — KopesiliiiHa (yHKISI 3a1aHOTr0 BHIY MK V-M 1 k -M BHOIp-
KOBHMM 3Ha4YeHHSIM. 30KpeMa, KOpeIsiliiHi GyHKIIT MOXYTh MaTh BHI:

r:(r) = 02N, 1. (r) = 0% cos pr

—Al7|

A
rf(r):aze cosﬂr+;smﬂ|r| ,

109



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

ac 7 =| tv _tk | — KOPCJIAIIMHUA 1HTCPBAJI, AKUU IIPU BpaxXyBaHH1 CTaTUC-

TUYHUX 3B’S3KIB  MEHIe iHTepBaly Kopemiuwii 7 =[t, —t |[<7,,,,

v,k=1n; Tyop — HAC KOPEJISIIIT; ol = re (0) — mucmepcist BUITaIKOBOTO

npouecy; 1/ A4>0 — koedillieHT, SKUH XapakTepHU3ye CTATHCTHYHHN
3B'SI30K MK BHOIPKOBHMU 3HAYCHHIMU.

B po0oTi MPOBOAUTECS TOCTIIKEHHS HENIHIMHUX METOJIB OLIHFOBAHHS
mapaMerpa TOCTIHHOTO CHTHATy, IO IPHAMAEThCI Ha (DOHI HErayCoBHX KO-
PENBOBaHKX 3aBa/l, SIKi ONUCYIOThCS KoedinieHToM excriecy. Jlanmii kiac Jo-
CIT/PKYBaHOTO BHITAJKOBOTO MPOLIECY MPEACTABICHHI B TAOHII 3.

Tabmums 3

Tlpeocmagnents 0808UMIDHUX CRITGHUX KYMYJIAHMIG
0J11 eKCYeCHOI He2aycoBol KOpenboB8aHOl 6eIudUHU

Tlopsinoxk
CHiJILHUX Ilo3HayeHHs TBOBUMIPHHMX CHiIBHUX KyMYJISIHTIB
KYMYJISIHTIB
1 Z10 Xo1
2 X20 A1 Aoz
3 Z12 A2
4 X 10 31 X22 213 Zo4

Busznauennsi 2. EKCIIECHMMHM CTATUCTHYHO 3aJIEKHAMHU BUIIAIKOBHUMU
BeNMMYMHAMHU 1-To Ty 1-ro Bumy OynemMo Ha3WBaTH Taki, ISl SKMX BiMiH-
HHUMH BiJl Hynst OynyTe y, 1 y,, @ TAKOXK CHUIbHI KyMYJISHTH 1, f3 1
27> @ BCI HILI KyMyJITHTU TPETBOTO i BHILE YETBEPTOTO MOPAIKIB, 8 TAKOXK

CHLUTbHI KyMYJISTHTH BHIIIE YETBEPTOTO MOPSAKY JOPIBHIOIOTH HYJHO. Y IBOMY
BUIA/IKY MTOYaTKOBI MOMEHTH JI0 IIOCTOTO MOPSIIKY MatOTh BUTJISII

2
o= Oy =Jx,, 03=0, a,=x,+3x,, az=0,
a5 =157,7, 1575 ...,

a CMiJIbHI MOMEHTH MalOTh HACTYIHUI B32€EMO3B'SA30K 31 CHUTBHUMHU KyMY-
JISTHTAMH:

v,k v,k v,k v,k 2
m1(1 ):7(11:?(2"'( )' m1(2 ):7512:0' ml(S ):74)(11+312111
mgvz‘k) = 42 (y4r(v’k) 12

Ha ocHOBI npencraBieHUX MOMEHTHO-KYMYJISHTHHX MOJENeH Kope-
JIbOBAaHHUX HETrayCOBUX IPOLECIB CHHTE30BaH1 HOBI METO/IU CTATUCTUYHOTO
OIIIHIOBAaHHS TIapaMeTpa MMOCTIHHOTO CHTHAITy NPH BHKOPHUCTAaHHI aJarTo-
BaHOTo MeToay MakcuMizauii noiminoma (AMMII).
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IoainomianbHi MeTOnAM OLIHIOBAHHS NapaMeTrpa CHrHaAlIy Ha
(¢oHi KopenTbOBAHUX HeraycoBHX 3aBaj. PosrisiHeMO HaiOLTBII po3mo-
BCIO/DKECHY aJUTUBHY MoJienb &(t) B3aeMoAii 1OCHTiKyBaHOTO MOCTIHHO-

ro curHairy S(4), 1o 3aJeKuTh Bia mapaMeTpa &, i cTalioHapHOI Heray-
COBOI KopenboBaHoi 3aBanu 7(t) :

S =S +n().

Jiis moOynoBY TOMIHOMIaTBHAX METOJIIB OILIHIOBAHHS MPEICTABIMO
MOMEHTHO-KYMYJISIHTHY MOJIENb JIOCHIPKYBaHOTO TIPOILIECY Y BUIJIAIL OA-
HOMOMEHTHHX 1 IBOMOMEHTHUX KyMYJISTHTHUX (DyHKIIiH:

X2+ Xa» %2(0,7), 24(0,0,0,7).

Hexaif 3 mpuiiasitoro curHainy &(t) DOCHIIKYETBCS CTATHCTHYHO 3a-
JexKHA 1 ONHAKOBO po3HofineHa BuOipka X ={X;,X,,..X,} 0o0csiroMm n:
X, =Sg +17,, I JIA CTUCIOCTI BUKOPUCTAEMO IO3HA4YeHHA Sy =S().

3a pe3ynbTaraMH CTaTUCTUYHOI OOpPOOKM AaHUX HEOOXiTHO OTpUMATH
pe3ysbTaT OIiHIOBaHHS IapaMeTpa MOCTIHHOro curHaly & 3a YMOBH, IO
IHIII MapamMeTpu BijoMi (aucrepcis 3aBaau, iHIII KyMYJISIHTH, KOPeJIsIii-
Ha (yHKIIis Ta 11 mapameTpu).

Jns BUpILIEHHS JAQHOTO 3aBAaHHS BHUKOPHCTOBYEMO aJlaliTOBaHHMN
METOJ MAaKCHUMI3allil OJIIHOMAa Ha BUIIAJ0K CTATUCTUYHO 3aJIEKHUX BUOI-
PKOBHX 3Ha4eHB [12], 3riIHO 3 AKUM JOCITIHKYBaHI IMPOIIECH MOXKHA TIpe/-
CTaBHUTH Y BHTIIAI CTOXaCTHYHUX ITONIHOMIB cTereHs S [8, 9] mpu BHKO-
pHUCTaHHI CIIJIBHAX MOMEHTIB 1 KyMYJISHTiB. B 1IboMy BHITaQJIKy OIliHKa
napameTpa ¢ Oy/e 3HaXOIUTHCS 3 PILICHHS PIBHAHHS:

iZ:; hi(v,k) [19]\/2::1 (f(iv) —-a; [.9]) =0, v,k=1n, )

9=3
e §(V) — CTaTUCTUYHO 3QJIC)KHI i OJHAKOBO PO3IOMIJICHI BUIAJKOBI Be-
JIMYMHY, B3ATI B MOMEHTHU Hacy V, «; [9] — II0YaTKOBI MOMEHTH | -T'O

MOPSIKY, SKi 3aexath Bi mapametpa & ; hy, .y [9] — roediuientu, sxi
3ajexarb Bij mapamerpa ¢ 1 CHUIBHUX KyMYJISIHTIB, SIKi, B CBOIO 4epry,
sanesxkarb Biz GpyHkuii kopensuii r, (), 7 = |v—k|. Heinomi koedimienTn

(1) 3HaxOATHCA 3 PIMICHHS CUCTEMH PiBHSIHB:

Zslhi(vk)[‘s’]Kij(T13)=iai(‘9)’i:1'_s’V'kzl‘_n’ 2
= ' dg

111



MatematuyHe Ta KOMI'I,IOTepHe Mo entoBaHHA

BinzHaunmo, 1m0 kopensHTH K; i (z', 3) 3aJIe)KaTh K BiJl OJHOBHMI-

PHUX NOYAaTKOBUX MOMEHTIB «; MOPAAKY |, TaK i BiJl CHiJIBHUX JBOBHMi-
. i .

pHUX MOMEHTIB E [gvgkq . B 11pboMy BUMagKy € MOKIHBICTD MPEICTABUTH

CTaTHCTHYHI 3B'I3KH KOPEIHOBAaHMX HETAYCOBHX IIPOIIECIB.

EdexTuBHICTD CHHTE30BaHNX aJTOPUTMIB 3iCTaBIAETHCS 3 KUTBKICTIO
no0yToi iHpopMarii Ipo OIiHIOBAaHHA Mapamerpa 4, SKe B 3araJbHOMY
BHTIAIKy Mae Buz [8, 9]:

nS d 1 —
len (9) =22 hiviy [S]Eai(g)z >—, k=1n (3)
v=1i=1 O (9)s

i 00epHEHO MPONOPLIHHO aUCTIepCii OLIHKY.

Ha ocHOBI BUKOpHCTaHHS TPEJICTaBIEHUX MOJIENEH HEeraycoBHUX KO-
PeIbOBaHMX BHUITAIKOBUX IIPOLIECiB, BUKOPUCTAHHS HOBOTO a/1alITOBAHOTO
METOJy MaKCHUMi3aIlii MoJIiHOMa, CHHTE30BaHI HEJHIHI aJTOPUTMH OIli-
HIOBaHHS IapaMeTpa $ MOCTIHHOIO CHTHaJy, IO NpUAMaeThes Ha (OHI
KOpEJIbOBaHUX HETayCOBUX 3aBall.

Pe3yabTaTH A0C]TiZKeHHs1 Ta 00roBopeHHs. PosrimsHemMo cuHTE3 i
aHaJi3 MOJIHOMIaNbHUX AITOPUTMIB OLIHIOBaHHS MapaMeTpa ¢ MOCTii-
HOro curHaiy S(4) mpu pi3HUX CTENEHsX mosiHoMma S . s cratucTud-
HOTO OIHCY JOCIIIKYBaHOTO HErayCOBOTO IPOLeCy HAaBEIEeMO I0YaTKOBI
OJTHOMIPHI MOMEHTH JI0 6-T0 NOPSIKY:

3
a, =0, ay =1, a3=x;°7s
2 3
Ay =2 (74 +3): X1 % =15(x274+ 22)
a TaKOX CITUJIbHI IBOBUMIpHI MOMEHTH, SIKi XapaKTepU3ylOTh CTATUCTUYHI
KOPEJISILiHHI 3B’I3KH BUITAKOBOTO IIPOIIECY:
a,(0,7) = x,(0,7), a3(0,7,7) =0,

a,0,7,7,7) = 2,0,7,7,7)+ 3y, - 1,(0,7) ,
,(0,0,7,7) = 4,(0,0,7,7) +;(22 +2;(22 -(0,7) .
s po3rIsiHyTO! aAMTUBHOI CyMillli TTOCTiHOTO cUTHamy S, Ta He-

raycoBOi 3aBaJ MOMEHTH OJJHOMOMEHTHOT'O PO3MOALITY 0 6-T0 HOPSAKY
OymyTb MaTH BUTIISLIL:

/
m, =Sy, My =4, +S5, My3=32,54+S)+7315",

My =375 +62,55 + S5+ 7413 + 4557323
Mg =S5 +1083 7, +5S,(3+74) 23,
Mg = S5 +1585 7, +1585 3+ 74) 13 +15(1+ 75 ) 23

112



Cepis: TexHiuHi Hayku. Bunyck 22

a MOMEHTH JIBOBUMIPHOTO PO3IOIUTY 3alUIIYThCS SIK:

(v.k)

) 3/2 .(v.k)3/2

2 3 v,k
My =S+ xof , My, =S, +89;(2+289;(2r( + V35 r( ,

My, = Sy* +25,7 1, + 48,7 7,1 ") 4+ 42 (y4r(v’k) +14+2rV0) )+4}/3;(§/2 .

Kopensutn K; ;(7,9) ABOoBHMipHOTO BHIaAKOBOrO mpouecy &(t)
IPUNMYTb BUL:
K107, 8) =my; —mm, = x,1:(7)

K2 (07,7, 8) =my, —mm, = Zsylzr(v'k) + 73)(23/2r(v'k)3/2,

K32(0,0,7,7,9) = m,, —m,m, =4S ,° 7, )

312 (v.k)312 (v.k)’ (v.k)

2
+4Sg73%7 T +VaXa"
Je Koe(illieHT acUMeTpii y; JOPIBHIOE HYJIIO.

2 2
+2x5r + 75,

[pu po3risaai BUMAAKy, KOJH KOPEAMidHI 3B'SI3KM BIACYTHI MiX BH-
OipKOBUMHY 3HAYCHHSIMU, KOPEISTHTH Oy TyTh BUTIIS:

2 2
Kia =220 Ko =22,85, Ky =48 10 + 22 (r4 +2) -

Jns oLiHIOBaHHS HEBIIOMOTO mapamerpa § BHKOPUCTAEMO a/1alTo-
BaHMH MeToJ MakcuMmizauii mnomiHoma (1), ne HeBigomi KoedilieHTH
Micv.) [9] Oymyre Bu3HauaTHCA 3 pilleHHs CHCTeMH piBHAHb (2). Jlns Bu-

pillIeHHs TaKOl CHCTEMH PIBHSHb cKopuctaeMocst MetonoM Kpamepa i ¢o-
pmynamu Hlypa:

Ais (9)
hi(v,k) ['9] = Als(g) y =45,
S
ae A ()= det”KL iz, L9)" — BU3HAYHUK MaTPUIll PO3MIPHOCTI S, eJeMe-

HTaMH SIKOi € IIEHTPAIbHI KOPENISTHTH KOPEeNbOBAHOTO BHIIAJKOBOTO IIPO-
necy; A (9) — BU3HAYHUK, OTpuMaHuil 3 A () NpH 3aMiHi i-TO CTOBM-

1151 CTOBIIIIEM, 1110 CKJIaJa€ThCsl 3 BUIBHUX WICHIB CHCTEMH PiBHSHb.
ITokazaHo, mo mpu cTeneHi nosiHoma S = | omiHka mapamerpa 9
MOCTIHHOTO CUTHAITY 3HAXOJUThCS 3 PIBHSAHHA (1) 1 Mae BUIIAL:

n
DTS [9](§(v) _Ss) =0, k=1n. )
v=1 S@:SAH
Toxi koediuient by, ) [$] B piBrsnni (4) npuitme Bu:

A (%) —

My [9]= my v.k=1n, ®)
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ne A, ($) — BHU3HAYHHUK, SKMi OTPUMAaHMH 3 BU3HAYHUKA det|K11(r,3)|
TIPH 3aMiHi v -TO CTOBIIIS iHIIAM CTOBIIIEM, SIKUHA CKJIATA€THCS 3 BUTBHIX
4JieHiB (MpaBoi YaCTHHI) CUCTEMHU PIBHSHB (2).

Binsnaunmo, mo kopensatn Ky, (7,9) mocmimkyBaHoro mpouecy
XapaKTePU3yIOTh CTATHCTHYHI 3B'S3KH MK BHOIPKOBHMH 3HAYCHHSMH B
3aJaHi MOMEHTH 4acy (V,Kk) 1 MOxyTh OyTH MpeACTaBlieHi Y BUIISII KO-
persmiitHoi MaTpui. s eKCIIOHSHIIIHHOT KOPEeSiHHOT 3aJIe)KHOCTI KO-
pensiata Ky, (7,9) 380Uy ThCS y BHIIIAI:

1 e A .. e A D
-A -A(n-2)
e 1 .. €
Kl’1(1,3)20'2 ,
e-A(n—l) e-A(n—Z) 1
e o’ — JHICTIEPCisd JOCHTIHKYBAHOTO BHITAJKOBOTO IIPOILIECY.

Topni niniiiHe piBHAHHSA MakcUMi3alii mojgiHoma (4) npu cremeHi S = 1
npu BUKOpHCTaHHi Koediuienta hy, ) [$] (5) samumeTbes sk

n

2 AP,
S _v=l
Sg=tLt ——. (6)
A
v=1
[Ipwu BiICYTHOCTI CTATUCTUYHUX 3B’S3KiB MK BHOIPKOBHMH 3Ha4EH-

HSMU OLliHKa IapameTpa S, (6) npuiime noOpe Bimomuii Buf [8, 9]:
A 10
Sg==D X,
n v=1
Jnst oniHIOBaHHS €()EKTUBHOCTI OTPUMAHOI OLIHKA S, BHKOpHCTAE-

MO Takui mapamerp, siKk KUTbKicTb 100yToi iHdopmarii (3), skuii € 3Bopo-
THOIO BEJIMYMHOIO JMCIIEPCii OLIHKH:
A (%)

Ly (8) = éhuv,k) [4] ~ det[Ky, (7.9)]

BuHo, 10 oTpUMaHHid pe3ysbTaT OLiHIOBaHHs (6) He BpaxoBYe Iapa-
METpPH HEraycoBOTO PO3MOIULYy JOCIiKyBaHOro mpouecy. Lle mos'szano 3
THM, IO /IS OIKCY CaMOT0 BUIAIKOBOTO MPOLECY BUKOPUCTOBYIOTHCS TiJlb-
KU TICPIIl JIBA TIOYaTKOBUX MOMEHTY, SIKi XapaKTEePU3YIOTHCS MaTEMATUIHUM
CMOJIBaHHsIM 1 iucniepciero. JJist ormucy 1HIIMX MapaMeTpiB HerayCoBHX Kope-
JIbOBAHHUX IIPOIIECIB 30UTBIIMMO CTEIiHb HOJIIHOMA A0 S =2 . Jma 3Haxo-

()
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JUKCHHS! OLHKH Mapamerpa S 4 BUKOPUCTAaEMO PIBHAHHS MaKCHMi3aLii mosmi-
HoMma (1), B sikoMy HeBiztomi Koe(imieHTH, 3rigHo (2), IPUAMYTh BUIJIS:
A, (9) Ay (9)
h 9]=-2"2 h 9] =—22—,
1(v,k) [ ] A(9) 2(v,k) [ ] A(9)
Ki;(0,7,9) Ky, (0,7,7,9)

e AL9) Ky, (0.7,7,9) Ky,(0,0,7,7,9)

a A, (9), Ay (9) — otpumani 3 A(J) NpH 3aMiHi BiJNOBIIHOTO CTOBI-

d d . .
11 IPABOK YaCTUHOIO (2), TOOTO 99 m; (&), 99 m, () BinmosinHo.

[pu migcraHoBII OTpuMaHOTO KoedimieHTa B piBHAHHA (1) oTprMa-
€MO HENiHIiHEe PIBHSHHSA MaKCUMIi3allil MOJIIHOMA T BU3HAYCHHS OIlIHKU
napamerpa S ¢ - A1 KUTbKICHOTO aHami3y e(eKTUBHOCTI OIIHIOBaHHS He-
BiJOMOTO MapaMeTpa MOCTIHHOTO CUTHATY IIPH Pi3HUX CTEMEHIX MoJiHOMa
BUKOpHCTaEMO 3HadeHHS |, (9) (3), sike € 3BOPOTHOIO BEINIHHOIO IHC-

nepcii OmiHKA 0(29)5 . IIpn BuKOpHCTaHHI CTOXaCTHYHUX IMTOJIIHOMIB CTeIe-
Hi S=1 1 S =2 BIAHOIICHHS TUCIEPCiH OLIHOK HA0Y/C BUTIIAIY:

loyan _ lin (9)
9@ =——=—"—-",
O(9)1n I2n (9)
1 YMM MEHIIE 1€ BiIHOIIECHHSA, TMM TOYHIIIE PE3yJbTAT OIIHIOBAHHS Y
MOPIBHSAHHI 3 100pE BiIOMUM PE3yJIbTATOM TIPH CTEMeHi S =1.

Ha puc. 1 HaBeneHi pe3yabTaTH, sKi MOKa3ylOTh €PEKTUBHICT HEi-
HIHOTO OIIIHIOBaHHS MapameTpa MOCTIMHOTO CUrHaiy (MpH CTereHi Moti-
HOMa S =2 )y MOPIBHIHHI 3 JIHIHHUM OILIHIOBAaHHSAM (IIPH CTETICHI T1OJIi-
HOMa S =1) mpu B3aeMopii 3 aCHMETPUYHO-EKCIIECHUMH KOPEITbOBAHUMHU
HeraycoBHUMH 3aBaJjaMH.

Binznaunmo, 1mo orinka §9 (6) mpu crereni moiiHoMa S=1 He
BPaxoOBYy€ HErayCOBHI XapakTep JOCIIHKyBaHOTO BUITQJKOBOTO MPOIECy i
ii edexTHBHICTH BU3HauYaeThcsa BUpazoM (7). [Ipu BHKOpHCcTaHHI cTeneHs
MOJIHOMA S =2 € MOXIIMBICTh BpaxyBaTH IapaMeTPH HErayCoBOT'O PO3-
MOy JOCHIPKYBaHOTO HPOLECY y BUMNIAAI KYMYJISSHTHUX (YHKIIH BH-
IUX TOPSIKIB, a caMe KOe]illieHTIB acuMeTpil y; Ta eKkcuecy y,, a Ta-
KOX JIBOBUMIPHHX CITUIbHUX MOMEHTIB, SIKi ONUCYIOTh CTATHCTHYHI 3aje-
xHocti. Ha puc. | HaBeneHi nopiBHsuIbHI pe3yibratn BigHowenss |, /1,
BiJl IMapaMeTpiB HeraycoBoi 3aBaau i koedimieHTa kopemsmii 4 = 10,1. 3
rpadikiB BUIHO, IO 3 POCTOM 3Ha4YeHHs KoedillieHTa y; KiIBbKICTh 100Y-
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Toi iHdopmauii |, y nopiBHsAHHI 3 |, 3pocTae, IO €KBiBaJIEHTHO MiJBH-
LIEHHIO TOYHOCTI OL[IHIOBAaHHS Y BHUIJISII 3MEHIICHHS AUCIEPCii OLIHKH.
[Tpu HassBHOCTI cTa0KUX CTATUCTUYIHHX 3B'A3KiB (BeNHKE 3HAYCHHSA Koedi-
uienta A = 10) pe3ynpTar eheKTHBHOCTI OLIHIOBaHHS Oyxae 30iratucs 3
JI00pe BUBYEHHMH BIIACTUBOCTSMH, NpeacTaBieHuMH B [8, 9]. Ilpu HasB-
HOCTI CWJIPHUX CTaTHCTHUYHUX 3B'SI3KIB MK BUOIPKOBHUMH 3HAYCHHSIMHU

(mane 3HaueHHs Koediuienta 4 = 1 st QyHkuii 1, (z) = o™y crocre-
piraerbcst 301IbLICHHS AUCTIEPCii OLIHKH, 1 OTXKe, 3MEHIICHHS e(peKTHBHO-
CTi OIIIHIOBAaHHS. Y Oyab-SKOMY BHIIAJIKy, Pe3yJIbTaT HENiHIHHOTO OIiHIO-
BaHHS HEBIZIOMOTO mapameTrpa S, € OUIbII e(pEeKTUBHHM y IMOPIBHAHHI 3

JMHIHHUM, SIKHH 30iraethes 3 JOOpe BiJOMHM PE3yJIbTaTOM IPHU PO3TIIsii
IIMPOKO NOIIMPEHHNX I'ayCOBUX MOJIEJIeil BUMAIKOBUX IIPOLIECIB.

Analysis of Effectiveness Analysis of Effectiveness

10 | gamat — 1] 10 = g,‘m - ;'1 1|
— gamad = — gamad =
\\ —_ :am: = g \\ — gamad =2

08 08

ooo 025 oso 075 1lo0 125 150 175 0.00 025 050 0.5 100 125 150 175
gama_3 gama_3

A4=10 A=1
Puc. 1. Bionowenns xinbkocmi 000ymoi ingpopmayii npo oyinioganuii napamemp
NOCMINIHO20 CUSHATLY (MPpU PIZHUX CTeNeHAX NOAIHOMa) 8i0 Koediyichmie
acumempii (gama_3), excyecy (gama_4) ma rxoegpiyicnma xopensyii (A=10, 1)
O/ eKCNOHeRYTHOT Kopenayilinol ynryii 1, (r) = o’e M
BucHoBKH. 3aCTOCYBaHHS albTEPHATHBHOTO IIXOAY A0 OIHCY T0C-
JUKYBaHUX BHITAQJIKOBHX MPOLECIB y BHUIVIAAI MOMEHTHO-KYMYJITHTHHUX
(yHKIII BUIMIMX MOPSIIKIB J03BOJIMIO MPEJCTAaBUTH HOBI METOJM OIL[HIO-
BaHHS HEBIJJOMOTO MapameTpa MOCTIHHOrO CUTHAIY, IO NPUIMAEThCS Ha
(hoHI KOpenbOBaHNX HETayCOBUX 3aBaJl IIPH BUKOPHCTAHHI aJlallTOBAHOTO
METOJly MaKCUMi3alil oimiHoMa. 3alpoNoOHOBAaHHUH MiJXiJ BpaxoBye Hera-
YCOBHI PO3IOJIT JOCHIIPKYBAaHOTO BHUIAJKOBOI'O MPOLECY i KOpENsLiiiHi
3B'SI3KM BHOIPKOBHX 3HAY€Hb, IO TO3BOJISIE MIABHIUTH TOYHICTH PE3yIIb-
TaTiB OLIIHIOBAHHS Y OPIBHSHHI 3 J0OpE BiJOMUMH Y BUIJIS/II 3MEHIICHHS
qucriepcii oniHky. EdekTuBHICT, OTpUMaHUX pe3ysibTaTiB Oy/e 3aliexaTu
SIK BiJl BUKOPHCTAHHS ampiopHoi iHpopMarii Ipo JOCTiKyBaHHHA TPOIIeC
(xyMysstHTI QyHKOii BUIIUX TOPSAKIB), TaK 1 BiX mapaMeTpiBs, sKi Xapak-
TEPU3YIOTh KOPEJIALIiiiHI 3B'13KM BUOIPKOBHUX 3HAUYEHb.
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METHODS FOR STATISTICAL SIGNAL PARAMETERS
ESTIMATION IN NON-GAUSSIAN CORRELATED NOISE

The traditional approach to the development of systems for signal pa-
rameters estimation in non-Gaussian noise is characterized by significant
difficulties associated with the complexity of algorithmic implementation,
which makes it impossible to synthesize high-quality software-algorithmic
and hardware statistical signal processing. At the same time, the presence
of a statistical relationship between the studied sample non-Gaussian ran-
dom variables leads to a significant complication of the implementation of
computational algorithms. Analysis of scientific research in recent years
has shown that to solve problems of estimating unknown parameters of
signals in non-Gaussian noise there is another promising approach, which
is based on the use of numerical characteristics to describe random pro-
cesses, namely moment and cumulant functions of higher orders. This al-
lows us to describe the statistical properties of the studied non-Gaussian
processes with the necessary approximation.
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The paper proposes new mathematical models of additive interaction of
useful signal and correlated non-Gaussian noise based on the use of one-
moment and two-moment cumulative functions of higher orders, which made
it possible to describe the parameters and characteristics of non-Gaussian dis-
tribution of the studied random process and take into account correlations for
the synthesis of algorithms for estimating unknown parameters.

Based on the obtained moments and cumulant models of random corre-
lated non-Gaussian processes, polynomial stochastic methods for estima-
tion an unknown parameter of a constant signal for dependent sample val-
ues are proposed. This allowed the synthesis of computational algorithms
for processing non-Gaussian correlated processes. Based on the proposed
methods, the synthesis and analysis of polynomial computational algo-
rithms for the parameter estimation of the useful signal with better accura-
cy characteristics in the form of reducing the variance of the estimate com-
pared to the known results due to additional information about the studied
processes in the form of moment and cumulant functions.

Key words: the moment and cumulant functions of higher orders; the
method of polynomial maximization; correlated non-Gaussian processes.

Otpumano: 6.10.2021
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